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“The Calculus is the most interesting and , after arithmetic, 
the most useful branch of Mathematics.” 

“Considering how many fools can calculate , it is surprising 
that it should be thought either a difficult or a tedious task 
for any other fool to learn how to master the some tricks. 


What one fool can do , another can” 

S. P. Thomson 

“The method of fluxions (the Calculus ) is probably one of 
the greatest , most subtle and sublime discoveries of any age ; 
it opens a new world to our view and extends our knowledge 
as it were , to infinity ” Charles Hutton. 


“Pure Mathematics do remedy and cure many defects itt the 
wit and faculties of individuals ; for if the wit be dull they 
sharpen it ; if too wandering they fix it.” Francis Bacon. 

No part of human knowledge could lay claim to the ti. 
of Science before it had passed through the stage of math 
matical demostration.” Leonardo Da Vm 


, » Sck , nCC ° J P L Vre , Maihe/ »*tics, in its modem develop - 
spirit” y C<tim bt tW m ° St original creation of the human 

A. N. Whitehead. 

Nature s grei t book is written in mathematical language ”* 

Galileo 


primed by I. C. Vaish B. A. a, Sw«an.r. Bharat Press,' 
423, Kucha Bulaq, Begum Esplanade Road, Delhi-6. 
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CHAPTER I 

FUNCTIONS AND THEIR LIMITS 


unaU “ M l £ ingS arC ' n 3 St , ate 0f Changc or flux i not hing remains 
unaltcredforanmstant. h is a moving, changing universe with 
which we have to do. Hugh Elliot. 


1.1. Differential Calculus. Change and motion 
ia the rule of life. There is hardly anything in this 
world which does not change or is stationary. The 
differential calculus deals with study of variation 
change and motion and the relationship between’ 
the changes of related variables. It is the most 
powerful mathematical tool that has ever hi on 
discovered. Our present knowledge of sound, light 
electricity and atomic energy could not have been 
discovered without the aid of calculus. 

Functions and limits form the basic material 
of calculus and this first chapter is devoted mainlv to 
the development of the fundamental concepts of 
function and limit 


In calculus we have to deal with two kinds of 
quantities : (1) Constants which retain the same 

value throughout an investigation and wnich are 

usually denoted by the letters such as a. b, c, d .and 

(2) Variables wl.hh are Iree to take different values and 
are denoted by li tters such as x, y , z y u , v, w, t , etc. 

1 2 Function. If two variables x and y are so 
related that, when the value of x is given the value of y 
'is determined, thin y is said to be a function of x. 

Q. One variable x to which we assign values at 
'pleasure, is called the independent variable. The other 
variable y, the value of which depends upon the 
value of x, is cafled the dependent variable. 


Thus the area of a circle is function of its 
radius. If we denote the area by y and the radius 
by x, we have y=irx 2 . This equation gives a relation 
between the independent variable x and the depen¬ 
dent variable y, r. is here a constant. F , 

Similarly the distance travelled by a train 
moving with a constant speed j, a f u „ cllon 

time lb,» ,s expressed by the rela.ion <=«/, where 
i, the time 19 the independent variable, a the dia 
lance, the dependent variable and a is a constant 
1.21. In general, if y is a function of z, then 
■s likewise a function of y, and ether may be chosen 
a. ,nde|^d|nt variable accord,,,* to convenience 
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Thus the equation t/=7tx 2 can also be written as 

x=s/ylTT giving the radius x when the area y is known. 

All expressions involving x such as, , 

sinx; logo:, e x are functions of x. 

1-22. Functional notation. A particular function 
of x is often represented by the notation /(x), which 
is read as function of x or / of x (not / times x). 

If it is necessary to deal with several functions 
in the same discussion, they are distinguished either 
by the use of subscripts or by different letters. Thus 

/(*)» /i( x )> /*(*)» F(x), <£(*), g{x), represent different 
functions of x . 

123. Value of a function. The value of a 
function/(x) for any particular value a of x is indi¬ 
cated by replacing x by its value a. Thus f(o), /(3) 
and/(a) denote the values, of /(x) which correspond, 
respectively to x = o, x = 3 and x=a 

For example, if/(x) = x 2 -f3x-f-l, /(o)=l, /(1) = 5, 

>« - 1 ; m - 19, f(y) =y2 -f 3y +1 
/(*') = (x 2 ) a + 3(x 2 )+l <= x 4 -f 3x‘-f-l. 


Examples 

Ex. 1. If/(x) = 2x 2 + 3x-f 7, show that 12/(0) = 7/m 
Wo have, /(0) = 7 and /‘(l) = 2+3-f 7 = 12. 

12/(0)=12x7 and 7/(l) = 7xl2. 

Hence 1 2/(U) = 7/( 1). 

Ex. 2. If (0) = cos 0-fsin 9, show that f(0) = f(l *) 
and find — 

Here /(O)=cos O-J-sin 0= 1 + 0=1 

/(i^) = c.'8 4“-f-sin ix = 0-f 1 = 1 

Alto /(f rr-0)=eos(i*—0) + sin (*.--£) 

= v i ,(cos <9 + sin J-(cos 0—-sin 0) 


Ex. 3. 
Here 


Ex. 4. 


. /*> 

v - 


cos 0. = \/2 cos 9 


If/(.r) = log x, show that. J(ab) =f(a)-\-f(b). 
/(3)=l<»g a,/(ft) = log 6 and /(aft) = log (aft) 

,J (a , 6 lr l0 - ( a6 ) = ,0 e « + Ior 6=/(a)+/(ft). 
iind where /(.r) = 2.c — 3 

and 7(r)-^=x*4-l 
Wc have 0(3) = 3 a -f1 = 10 

=/( hi) = 2 x 10_3«= |7. 
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Exercise 1-A 




1. If f(x) = x*-\-5x-\-6, find the values of 
/(*), 1(0), /(-1) and /(-2). 

^2. If/(x) = 3x 3 -l-2x 2 —£+4, show that 2/(3)=25/(l). 

3. When /(x) represents x 3 —x 2 -f x— 1. find f(x- j-1) 
and /(x— 1). 

^4. If/(@)=sin Q —cos 6, find 

/(ok /(;-)> /G) and /(-£)• 

Show that /( |-)x /("^“) = i* 

5. Given /(x)=sin a:—cos x, show that 

/( 3~- r ) +/ ( f + X ) = 0 - 

6. If f(x) = show that /( -x) = cotx. 

7. Given/(x) = log x, show that/(-^) = — /(. r ). 

Exercise 1-B 

Ex. l. if /( x )= 2 ^r^-=y» show fchat /(y)=*. 

2x— 1 


Since 


or 


t.e , 9 


-i=S “* 

2 x— l=xy — 
2 i/-l=x(?/- 2 ) 
2//-1 




x— 1 


2. If y= --=*/(x), express x as a function of u 

X-\- L 

and show that//-—)=-- • 

\ y / x 
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3. If /(X)=||- r |=y, Show that x=J(y). 

4. If /(*)=5i=-r showthat 7("x)“ i =2;t - 

1.3. Even and odd functions. A function of x is 
said to be an even function of x when /( — x) =f(x), \.e. t 
when the change in the sign of x does not change the 
function in magnitude as well as in sign. It is said 
to be an odd function if /(— x) =■ — f(x). i.e., the func¬ 
tion changes in sign only. 

c" Exercise 1-C 

1 . Show that the following functions are even 
functions of x. 

(i) ax*+bx x -\-cx 2 +d. (it) Cos x 4 -Sec x. 

.. . 6*-6- x 

(«'») e' + e '• <“’> 35+?- 


2. Show that the following functions are odd. 
(*) atf + bx^+cx. (it) Sin 0 + Coseo 9. 


(Hi) 


ax 


.3 


x- 


4-fc.r 
1 


(iv) 


fM' 1 

e x — V 


(v) 


b' + b 


3x4-x- 3 


14. It may be observed that in the case of certain 
functions of x, it is not possible to give ail values to x. 
The range of values of x for which the function is 
defined must be indicated whether it is defined for all 
values of x or only for a limited number of values of x ; 
e.g , the function .c ! (factorial x) has only a meaning 
when x is a positive integer. 

Again, such a function as ^ l —x- is defined for all 
values of x which are numerically less than or equal 
to 1 ; in this case wo may say that the function is de¬ 
fined for values of x in the range —1 to +1, both 
inclusive. 

The function — is defined for all values of x 

x —3 
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except x=3, because for x=3, the function becomes 
1 divided by zero, which is meaningless as division by 
zero is an impossible operation. 

Note. The student can see for himself that if division bv 
jero is allowed, it would lead.to contradictory results, for example 
0X5=0X7 (both sides being equal tozeroj 

Dividing both sides byo, 
we get, 5=7, which is not correct. 


Exercise 1-D 

1. For what values of x aro the following functions 
defined ? 


(i) y/x. (it) y/(x—l)(x—2). (iti) Sin -1 x. 

2. For what values of x are the following functions 
not defined ? 


<■•> ~ r (»> 


1 


(Hi) - 5 


1 


x z - 9 


{x-i)(x-'>y 

(iy) tan x, ( v) Sec -1 x. 

3. Point out the fallacy in the following : — 
Let x=3, then x- = Zx and x 2 —9 = 3x— 9 

i.e., (x-3)(z-f3) = 3(z-3) x + 3 = 3 

Hence 0=3 (Since x=Z.) 

Exercise 1-E 

* 2 + *+l 


1. If /(*) = 


show that 

y 


(0 ’ {ii) m= 

2. If f(x) = log(a:+l), show that 

/(—2) —/(z—2) =/( 2 ) .1 

3. If /(@)=tan 0, show that 

f(a+?) -i=jii)wr 

0%. If y=x 2 -{- 5, what is the increase in y when x 
increases from (t) 1 to 2, and (it') 2 to 3 ? 
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5. If f(x) = -what is the increase in f{z) when 

oc 

x increases from (t) 2 to 3, and (it) 3 to 4. 

^ 6'- If y=X“, what is the value of y for x=10 ? 

What is the change in the value of y when x is in¬ 
creased by 2 ? What is the ratio of the change of y 
to that of x ? 

7. If 1>(x)=x *, find <p(x+h), <f>{x + h)-<p{x) and 

1>(rA-h) — i>(x) 
h 

Show that you obtain the same result as in exam¬ 
ple 0, when you put a; —10 and h = 2. 

8 . If /(a:)=x2_3x4-G, find /(3), /(3 + A) and 

/(34-//) — f(3) 
h 

The Limit of a Function 

15. In order to have an idea of limits of functions 
we shall first take three preliminary notions : 

(1) The pharse (( x tends to infinity.” (x->oo) Sup¬ 
pose we give to x the values 1, 2,3, 4. successively, 

then it is not difficult to see that if this process con¬ 
tinues x will get larger and larger values and there 
will be no end to the extent of this increase. However 
largo a number we may think of (e g. t 10,000,000) x will 
have a larger value than this at some stage of its 
development. This unending growth of x is expressed 
by saying that .r tends to infinity or ar-^x. By this 
process we simply mean that .r is supposed to take a 
series of values which go on increasing bej^ond limit. 

There is no number ac, and such an equation as 

x — oo 

ns it stands, is absolutely meaningless ; x cannot be 
‘equal to oo.’ because ‘equal to infinity’ moans 
nothing. 
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(2) The phrase ‘x tends to zero.’ (x->0) In a similar 
manner let x take, say for the sake of definiteness, 
certain positive values, which continually decrease, 

i 1 1 1 rp, 

like, for instance, jyjsf* jol. iUen ' 

as before, if this process continues, a stage will come 
when x has become smaller than any quantity, how- 

email Ip n ----Y If we think of a 

ever small {e.g., 1(J>o00>u oo/' 

quantity still smaller than this, x will be smaller than 
that at a further stage, and this process will always 
continue. The unending decrease of x is expressed by 
saying that x tends to zero or x— >0. This is different 
from saving that x = 0 which means that x has actually 
taken the value zero ; while x— >0 means that x is a 
variable taking values one after another which be¬ 
come smaller and smaller and which are such that the 
difference between x and zero becomes and remains 
less than any asigned positive number, however small. 
The zero (0) is entirely different from a number, however 
small. 

(3) The phrase‘x tends to a.’ (x-»a) Now let us 

have a finite number a , and wo may imagine x to 

assume successively values say, , a ^~io 2 ’ 

a4- — , a4- ——.Then as x takes these values, 

x 10 a> 1U‘ 

it is obvious that the difference between the value of 
x and a continually decreases. At a certain stage this 
difference will become smallar than any quantity how¬ 
ever small we may think of (e.g., ^ 0 ~)• At a 

further stage the difference will be still smaller and 
this process will always continue. In this case we 6ay 
that ‘ x tends to a ’ or and by this phrase we mean 

that x is taking vulues one after another which are 
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such that the difference between a and the successive 
values of x becomes and remains less than any assigned 
positive number, however small. 

1.6. Consider now a function of x, the., a variable 
whose value depends upon that of x and try to find 
out what value does /(x) approach as x tends to a 
certain value. Let us take the function /(.r) = x a and 
find its limit when x approaches the value 10. We 
make the following table for different values of x near 
x= 10. 


X 

X 2 

10—x 

100 — x 2 

90 

98 01 

I 

•1 

1 

1-99 

9-99 

99-8001 

•01 

0-1999 

9 999 

• • • 

99-980001 

• • • 

! 

•001 

• • • 

0 019999 

• • • 

• • • 

• • • 

... 

i 

• • • 

• • • 

• • • 

• • • 

10 

100 

0 

0 


From these figures it appears that as x->10, x 2 ->100, 
and as the difference 10 — x tends to 0, 100 — x* also 
tends to 0. 


It is not necessary that x should approach 10 from 
values which are less than 10. We may just as well 
take values of x greater than 10. 

Suppose 

x = 101, then x~ = 102 01 ; 

x = 1001, ,, x 2 = 100-2001 ; 

x = 10001, ,, x 3 = 100-020001 ; 

The values of x 2 again approach 100 as x->10. 

The value of x 2 for x = 10 is also 100. In this case, 
the value and limit happen to be equal, but this is 
not always the case. 
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. r , r . X 2 —100 

1.61. Let us find the limit of the function — as 


x-^10. 


x 2 —100 

x-iTT 


10—x I 20- 


x 2 —100 
x —10 


99 


98-01-100 
— 9 : 9-10 


= 19-9 


999 


99-8001-100 

T99IT0- 


___ =19*99 


9*999 


99-980001-100 


9-999—10 


:__= 19999 -001 


001 


' J, 


0 

0 


In this case it may be observed that 

, , , . x 2 —100 

(t) When x= 10, the value of the expression-^-— 

_ which has no meaning since the operation of 
dividing any number by 0 is meaningless. When an 
expression takes theform-^-, it is said to be indeter¬ 
minate. 


x 2 —100 


(it) As x->10, — >20 - 

(Hi) In this case the limit and value are not equal. 
In fact the value does not even exist while the limit 
is 20. 

1.62. Generally we say that/(x) tends to a definite 
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limit l as x tends to a if the difference between f(x) and 
l can bo made as small as we please by making x 
approach sufficiently near a and write 

Lt f(x) = l. 
x—*a 

The limit of f(x) a# x-*a, does not mean the value of 
fax) when x = a. To fi nd the value of/(r) for x=a we 
merely substitute x=a in f(x J and obtain f(a). But in 
taking limit of f(x ) as x->a, we find what value does 
f(x) continually approach as x gets nearer and nearer 
a, or in other words, what /(x) is verv nearly equal to 
when x is very nearly equal to a. This limit of f(x) as 
x— *a is not necessarily equal to ihe value f(a). 

17. Continuous and Discontinuous functions- If, 

however, the limit of j(x) as x approaches a is equal to 
its value f(a ); then /(x) is said to be continuous at 
x=a. It is clear from Art. 1.6 that x 2 is continuous at 
x=l(), because both the value and limit are equal 
to 10U. As a matter of fact, most of the ordinary func¬ 
tions will be found to be continuous at all points of 
their range of definition. 

The definition of continuity of/(x) at x—a involves 
three conditions : — 

(j) f[a) should exist 
(it) Limit/(a) should exist 
x—>a 

(Hi) f(<i)= Lt f(x) 
x-»u 

It is easy to construct examples in which one or 
more of the above conditions is not fulfilled. In that 
case the function/(.r) is not continuous at x = a A 
function which is not continuous at x=a is said to be 
discontinuous at .r=a. Art. 1.61 gives an example 

of a discontinuous function. f(x)= X — is discon- 

X X U 

tinuous at x= 10, because in this case /( 10 ) does not 

exist. 

If f(r) is continuous at all points between a and 
h including both a and b, then f(x) is said to be 
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continuous in the interval (a, 6). For further examples 
see Art. 5 2. 

1.8. Theorems on limits. 

Tf Lt /(x)=m and Lt <f>(x)=n ; 

11 z->a x-»a 

then (i) Lt [f(x)±i>(x)]=m±n. (it') Lt f(x)f(x)-mn. 

x->a x ~> a 

Lt _[(*)_ — provided ;i/0. 

' x->a <p(x) » 

These theorems may be taken for granted. A 
formal proof of these is beyond the scope of the present 

work. 

Examples 

1.81. Ex 1. If/(x) = -^-, find the limit of /(x) as 

JC 

x-> X). 



10 

100 

1 

1000 

10000 

• • • 

->x> 

1 

X 

•l 

•01 

1 

o 

o 

• 

•0001 

, 

1 

• • • 

-*0 


As x gets larger and larger, — becomes smaller 
and smaller. When x becomes very large, —becomes 


very small and thus as x->», - — 0. so that 

Lt - =0. 

x —> CO X 

It can be shown similarly that as x-»:o, xp-»co if p 
is positive and xp-}0 if p is negative. 

Ex. 2. II f(n), a function of n is defined by the 
series : 

1 1 1 1 , l 

2 + "22 + 2*~+ 2^"*".*■ 2" * 
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find the limit of f(n) as where n is a positive 

integer. 

/(n)= 8 um of n terms of the given geometric series 



Now as n— 2 n —>oo and therefore 


1_ 

2 n 


->0. 


Hence /(??)-> 1 as 7 ?->x. 

Exercise II-A 

1. Show by taking different values of x that — -- 

X“ 

becomes smaller and smaller as x becomes larger and 
larger. 

2. Find the limit of /(n) when n —*oc, n being a 
positive integer, where 


(а) f(n) — 1 -f 3 +- 3 S-+ 33 +.+ 

(б) /(») = -! + l +. + 32Q 1 _ i 

(C) /(7l)=l— . 4 - 5 .f-~ +....+ * 2n - 


as x—» 2 . 


1.82. Ex. 1. Find the limit of X —— 

x — 2 

Here it we put x=2, the expression takes the form 
0 * "hich is meaningless. To find the limit, we put 
x = --\-h, where h is a small quantity approaching zero. 


0 


Hence Lfc ar8 “ 4 5S= Lt (2+A)»- 4 

—2 /i-^o 2-f A—2 

_ T * 4 + 4A + A2_4 

h 


= Lt(4+M. 
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Now as x-»2, k-> 0 




4 

z 2 —4_ 
* 7 — 


Aliter. 


x 4 — 4 
x^2 



Now as x is given a series of values approaching 2 
but not actually equal to 2 . x —2 is not zero and there¬ 
fore division by x —2 is valid. 

Hence the given expression=x+2=4, when x=2. 

Note. — This is an example of a function where the 
numerator and denominator both approach the limit 
zero but the function itself approaches a finite limit. 


Ex- 2. 


Find the limit of 


sin Q —cos 9 
tan 9 — cot 9 


when 


9 approaches the limit 

sin 9 — cos 9 sin 9 — cos 9 
tan b — cot 9 ~ sin 2 & —cos 2 @ 

sin 9 . cos 9 


sin 9 —cos 9 
sin 2 ft — cos 2 & 


sin 0 cos@. 


Now so long as 9 is not actually equal to 



sin 9 — cos 9 is not zero and, therefore, division by 
sin 9 — cos 9 is permissible. 

Hence the limit of the given expression 



sin 9 . cos 9 1 

sin 9-\-coa 9 ””2^2 * 


when 



Ex. 3. 


Evaluate 


Lt x 8 4 -fix + 6 
x—»co 3x 2 -j-7x4-1 1 * 


This expression takes the form 

co 


determinate. 


which is in- 




14 


FUNDAMENTALS OF CALCULUS 


Dividing the numerator and the denominator by x 1 
(the highest power of x in the denominator) the ex¬ 
pression becomes. 

, , 5 6 

1 -f - ——H 


X 


3+ 

X ' r “ 


Now as x —^go t 


1 


1 


0 and ———»0. 


•v 

Hence the limiting value of the expression a3 x->x 
becomes 

Exercise II-B 

*2—3x+2 

1. Calculate the limiting value of — 
when x->l. 

2. Find the value of as *”^3. 

x*—8x + lo 

Tt 2x 2 4-3x 3 +x 4 

3. Find the value of . 

4. Evaluate : 


(t) 


Lt * 2 -l . (ii) Lt ^ZL« a . (iii) Lt^!r 

’ ^ ' x->a x—a ' x^hx — h 


X—> 1 X — 1 


5. Find Lt ar ^ > . (i) when x->0. (it) when x-^x 

tx-f-a 

6. Find the limit when x—»co of : 
x + 5 


O’) 


x + 3 


.... r 3 -!-3x+o x 2 4-4x-f5 

*»+2x+3* ' ' x 3 +5x+6‘ 


7. Given that Lt lA - in X =l, deduce 

35 


(0 


0 X 

Lt sin a G_ a _ 

6—>0 sin b Q ~~ b 


(") 


Lt tan x 
x-*0 x 


= 1 . 


Lt 1 — coax 

(m > *-»o—“ ° - 
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8. Show that 


(*) 


Lt si n x 


Lt ,Unte 


■ ill **'■ ** 1 . • >\ *» 

s A ——«— = h *0 x ~* -y- tan x 

o;-) 0 sin 2x 1 v 2 


9. Show that 


(i) 

m 


Lt sin G —tan G 
0 tan 2 0 

Lt COt X — C09 x 

x-*k/2 cos 3 x 


Lt sin G— tan G 


—0 fit) —— -- = —1 

( j @-»0 tan 3 0 * 


=4. 


1.83. Ex. 1. Find]the limit of \/x+i — y/x as x->oo. 
This expression is of the form x>— oo which is also 

one of the indeterminate forms like and — 00 . 

U co 


To find the limit we multiply and divide the given 
expression by v /x + l + \/x, we get 


\/x-\- L — y/x= 


(V — \/x)(y/x i ^x) 


x/^+l+V^ 


1 


v^+i+V* 

Now as x->co, the denominator —>oo and the whole 
fraction—*!). 

Henec Wx -\-1 — y'x=0. 

x->co v 


Ex. 2. Find the limit of z— v /(z+ 2 )(z- 3 ) when 

z->: o. 

Here z—y/\ z +2)(z— 3) 

= [z-y/~(z+2)(z— 3)][z+Vjx+2^311 

z+\/(z+2)(z— 3) 
_z^ Z (z 2 -z-6)_ 2+6 

2 + v / 2 2 - Z - 6 ~ 2 +^ 2*_ 2 _6 
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Dividing the numerator and the denominator by z, 

‘+-f ' 

•we have, the expression --;- 5 -r 

i+[i—i—4-]* 


Now as z->co, * , —>0. 

2 2 

Hence the limit=^-~=J. 


Exercise U-C 


1. Prove that : 


x 


(i) Lt - -=2. 

x—*U 1 — y/ i — x 

(t.) Lt Vj.+y.-Vj(in)’ Lt ^ 1— -^ 2_1 = -2 

' x—>0 x xH >0 * 

2. Find the limit of : 

(t) x- \~x^x — 1 ). (ti) x — \ (x’+“l7(x-f2) when x->co. 
1.84. Ex. If/(x) = x 3 , find the limit of 

/(*+*,-/(„ a9 


Since 


and 


• • 


/to 

f(x + h) 


=.t 3 


:(X+A ) 3 

/(x+/<) -/(x) = (x + A) 3 - X 3 = 3x 2 /< + 3 x/t 2 + A 3 

3x 2 A-J-3xA 8 +A 3 


/(x4-/0-/(x) 

h 


h 


= 3x*+3 xrt+A 2 . 
Lt /(x+*)-/(*) 


/i—H) 


3z 2 . 


Hence 
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in 


Exercise Il-D 

1. If /(z)=5:r—x 2 , express ^ — 

terms of h and find the limit when h-)0 . 

2. Given f{x)=x 2 -x+ 10, find the limit of 

/:2+M-/a a9 

h 

Given f{x)=x 2 , find the limit of 

frji-g as A->0. 
h 


3. 



CHAPTER II 

DIFFERENTIATION OF FUNCTIONS 

‘Observe always that everything is the result of a change and 
get used to thinking that there Is nothing nature loves so much as to 
change existing forms and to make new ones like them.’ 

Differential Co-efficient 

21. Wo have seen ihnt change in a function de¬ 
pends upon a change in the independent variable. If 
/(.r) is a function ot x, and x is increased by ft quantity 
h positive or negative, the function will become 

/ ( *ti r/\ d mu ,nCrea ? e in the function will be 
f(x + h) f(x). The ratio ol the increment of the func¬ 
tion to the increment of x is 

k 

This ratio is called the Quotient of Differences. 

Now it is evident that as h, the increase in r be¬ 
comes smaller and smaller f(x + k)-f ( x), the change in 

the value of the lunction, also becomes smaller and 
srna ler. Ultimately when h->0, f(x + h)-f(x) also _>0. 
We have already dealt with certain fractions whose 

numerator and denominftior both approach the limit 

zero and the fraction itself tends to a finite limit The 
present problem is also similar and it can be s'hown 
by means ot examples that in general the limit of 
f(x-\-h)—f(x) 
h 


as // —>0, is finite. 


Our chief aim in Differential Calculus is to find the 
limit of this fraction and this limit is called the Differ 
ential C o-rf/icient or the Derivative of the function fix T 

2*2. Definition. 

The Differential Co-efficient or the derivative of 
function is, therefore, defined as the limit (when 

18 


a 

it 
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exists) of when the denominator h (which 

may be positive or negative) becomes very small and 
approaches the limit zero. 


221 . lllvstration. 

Suppose f(x)=x~. When x=3,/(a:)=9. If certain 
increments are given to x, f(x) also gets the corres¬ 
ponding increments. The iollowing table shows the 
relation between these increments : — 


Increment of x 


h 


h 




01 

001 

0001 


Increment of f(x) 

Quotient of 
differences 

f{x+h)-f{x) 

f(x+h)-f(x) 

h 

(34/0 2 -9=6/< + /r 

0 + h 

—-5y 

5 9 

- 0599 

599 

— 005999 

5*999 

— •00059999 

• • • 

i 5-9999 

1 

• • • 

• • • 

+ ■«! 

• • • 

6 -i/. ' 

•0001 

001 ”'. 

•01 0001 

o-ooi 

•0000001 

0 0001 



0 



It is evident from this table that as h becomes 
smaller and smaller in magnitude, /(*+ h)-f(x) also 
becomes smaller and smaller but the ratio of the two 
increments or quotient of differences approaches the 
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value 6. Thus for the value x=3, the differential co¬ 
efficient of x 2 is 6. 


2.22. The function f(x) is generally put equal to 
another variable y and we usually denote the incre¬ 
ment in x by the symbol Sx (delta x) and the incre¬ 
ment in the function by §[/li)] or (delta y). Thus 
$x corresponds to h and stands for f{x-\-h)—f(x). 


The quotient of differences is then 


ly 

$X 


OX 


The limit of 


as $x approaches zero is the differential co-effi¬ 


cient of y with respect to x and is denoted by the 
dy d 


symbcl 


dx 


or 


dx 




Similarly if y is a function of some other 
dent variable t, its derivative is denoted by 


indepen- 

d, J 
dt ’ 


Note. The symbol — stands for an operation 

which when applied to y, is the operation of taking the 

limit cf £ x ~.' v 'hen >0, i.e., when * s prefixed 

to an expression, it means that the expression is to be 
differentiated with respect to x and it does not mean 
d~dx. 


The symbol ^ may be compared with the 

symbol v which stands for the operation of extracting 
the square root. \ x does not ineun \/ multiplied by x. 
2 23. Illustration . 

Suppose the distance OP described by a body O 
falling vertically due to the attraction of the 
earth is given by the equation .■? = 10/+ 16f 2 . 
s, the space described in time / = OP—10t-f-16/ 2 
space described in time t+8t 

= OQ = UHt+St)+16(/ + ?t) 2 

ts, space described in time ct, 

= PQ = OQ-OP=lCW4-32/.S<- r 16(e0 2 
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PQ 

, average speed in the interval — 




= 10+32f+l6gL 


ds 


Hence ——the speed at the time t 
dt 


_ Lfc rt -?^-=10+32 1 . 

Sf—^0 fat 

Differentiation 

2.3. Differentiation of a function is the process of 
finding the differential co-efficient of the function. The 
definition ot the differential co-efficient leads to the 
following process of differentiating y or f(x) : — 

(t) Oive to x the increment gx which may be positive or 
negative and obtain 


y+$y or f(x+ox). 

(it) Find gy, the increment of the function or 
/(x + gx)-/(x). 

(Hi) Obtain the quotient of differences or 


Sy 


or 


f(x+8 y)-f(x) 


(iv) Proceed to find the limit of this quotient as gx 
approaches zero , 

The result so obtained is the required differential 
co-efficient of y or f(x) which is written symbolically in 
the form 


dy 

dx 



Examples 

Ex. 1. Find the differential co-efficient of x 2 , 

Let y=x 2 ...(») 

When 8x is the increment given to x , let by be the 
corresponding increment of y ; t'.e., when x becomes 
x+gx, let y become y-\-ly, then 

y + 8 y =(*+$*) 2 •••(«) 
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Subtracting (i) from («), we have 

• Sy=(*+$*) a -a: 2 

=2 *.Saj+(W 

Dividing both sides by §x, we get 
~^~=2x + 8x. 

Now proceeding to the limit as Sx—>0, we have 



Thus the differential co-efficient of x 2 is 2x which 
becomes equal to 6 for x=3. It agrees with the result 
of illustration. Art. 2.21. 

Note. Whether the increment §x is positive or 
negative, the final result will be the same in both 
cases. 

Ex- 2. Let /(*)=. 5^+1 ...(») 

If is the increment given to x, then 

/(*-rS*)=5(x+8:*) 3 + 7 ...(*») 

Subtracting (i) from (/»), 

/(*+ Zx) -f{x) = 5(x+ gx) 3 - 5x3 

=5[3x*.( d 'x) + 3x (g.r)2 + (gx) 3 ]. 

f(xJ-Xx)-f(x) =5[3:el!+ 3 !|! _ Sa : +(Sa) ,] 
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Now in the limit when we obtain 



_ Lt / (s 4-&*)-/(*) 

Sx—>0 dx 

= 5.3x 2 =15.r 2 . 


Thus 15x 2 is the diff. co-eff. of 5x 3 +7. 

Note. The additive constant 7 disappears, 
the second step and the multiplying constant 
mains the same throughout. 

Ex. 3. Differentiate -j with regard to t. 

1 

Let yz= ~T 


after 
5 re- 



then y+ly— 

* 1 1 

* y ~t+Zt t 

s* 1 r _l_ 1 1 

2 it St ll +ot t J 

_i 

= t(i+St) 

In the limit as $«-><), we have, 

dy = _ J_ 
dt t* 

A/- Lw. 1 . 

t e *» dt\ t / t 2 

Ex. 4. Find the derivative of y/x. 

Let y=\'x _ 

Then y + Zy=y/x+Zx 

Zy^Jx+cx-^/x 

ly __s/x + Zx—y/x 
* * ' ox Sx 

(y/x+dX—y/x)(\/ X+$Z-}-\/x ) 

Sx(\/x+Sx +Vx) 


•.*(«) 
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v'x+$x+ y/x 

In the limit when 6*—>0 we have 
dy 1 1 

d.t 

d 


i.e. 


y/X+y/x 

dx Wx) = 27 ^' 


2 X / X 


Ex. 5. Find, from the definition, the derivative of 

x 2 -ax-\-b 


Let 


y= 


x — a 

x 2 — ax-\-b 


x — a 


= x+- 

x — a 


then y + Sy=^-|-$x;-f- 


and 


x-\-§x—a 

—L 1 

Lj-a + cx x— 


= cz — b 


+ 6-E 
_ Sz 

(a;-a + $.r)(a:-a) 

b 


. __ _ i___ 

8a- (x — a — %x)(x—a) * 

In the limit when c-t'—*0, we have 

d y . _ t> 

dx (x—a) 2 

Exercise III 

1. Define differential co-efficient of a function and 
from the definition find the differential co-efficients 
of : — 

(0 :r 3 . («) 9o:-i-8. (i«) ao-2+6. ( t .) 4 ^ 3 . 

(t;) 7rr~. (*>») (5 x)(x — 1)- (m) ut+-lgt\ 

2. Differentiate from first principles : — 

c 


(«') 


£ 

x 


00 


a: 


(m) as~'. (ur)—+ -L 

z 1 z z 
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(») 


Z 2 -f 1 




, .. * 2 + 2*+3 
,n) 


(ytt) V 5 2- 


1 


(mi) *+ (u) V*+c . 

V* 

3. Differentiate a& initio : — 


(x) y/xt+c* 


(0 


1 


(«) F 


1 


(in) (x + 5) 2 . 


x-f- / ' ' 5 —2z‘ 

Calculate these derivatives for the particular values 
(») x=0, (ii) x=4. 

4. Find from the definition the differential co-effici¬ 
ents of 


(*) y/x. 

•\ (P.U.) 

/••v 1 

• • 

(U) 7i" 

• ( P. U.) 

(Hi) a -f bx -f ex*. 

(F- U.) 


Differentiate from first principles : — 

v/l-fx 2 . (D. C7. 2554) 

6 . A stone thrown up into the air rises 8 feet in t 

seconds where *=50/—16< 2 . Find the velocity 
What is its value when /=1 and t=2 ? 

7. If « = 4-f- 18l—3t 2 , find the velocity in terms 

of t. Find the velocity when t= 2, 4 sec., and the time 
when the velocity is zero. 

2’4. Differentiation of z°, when n is any rational 
number- 

Let y=* n . ...(1) 

When c>x is the increment given to x, let gy be the 
corresponding increment of y, so that 

y+oy={x+l>x) n .. ( 2 ) 
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Subtracting (1) from (2), we have 
$y=(x+Sx)°-x° =*” [l+ 


r, . $ x . n(n—l)/ gx \ 2 , 

=*•[1+* ~x +-TTVTV + 


]- 


=M”-' hx+ n - f, ^X"- 2 (Sz) 2 + 


Dividing by gx, we get 


— 7l x n “ 1 4- — ^x*-' *8x4- [terms containing 


higher powei s of gx] 


Hence - — — —— =nx n ~ 1 

dx — gx->0 gx 


*2’41. The proof given above involves the use of 
infinite Binomial series, the use of which at this stage 
is undesirable. A complete proof in three stages is 
therefore, given below : 

Case 1. When n is a positive integer. 


Let 


=nx n “ 1 .gx+ 


y=x a 

2 /+S?/=(x+Sx)n 

8y=(x+gx) n -x° 


X n - 2 .(gx) a +.(gx)« (» terms) 


l y —nx«-> + z"-*.(S*) +.+(S*)— 1 . 

fox — • 

In the limit when gx-»0, we have 

=nx n_1 , since all terms except the first tend 

to 0 and the number of terms is finite. 

d 

-j— (x D j = nx’*- 1 . 
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Case 2. When n is a negative integer and equal 
to, say, —in. 


Then 


and oy= 


1 1 x m -(x+$r) ra 

"(x + 37) m x m = x“(x + Sxj ni 


m(m—11 

~2 f 


lg* + ""o, -^(S*) 8 +•.+($*) 


m 


• • 


*"'(* +3;rr 

%y _ mx 1 "* 1 4- terms involving S-c 

bx ~~ x m (x + 3x)' D 

taking limits when 5x->0, we have 

dy _mr ro ^__m_ l 

dx x m .x m 

Replacing —in by n, it gives us 

Jv 

dx 

*Case 3- When n is a fraction and equal, say, to 
, where p and q are integers. 


= nz a ' 1 


p_ p 

Then y=x n =x * , y-f £y=(x+ox) q 

p _ p 

$.¥_(*+top -* q 

•• to 


J. 

Now put x a = 2 , then x= 2 q , x-f Sx=(2+5r) t » 

_p p 

and x** = z p , (x4-8x)“ =(z+^z)*> 

cy _(i±to) p -* p (24-to) p -2 p , 1 

'to “(2 + S2) q -2 q “ $2 X (z + to) q -2«“ 


For an easier Proof, see Art. 3.6. 
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Now proceeding to the limit when 8x->0 and gz->0 
we have. 

dy Lt (z-\-8z) p —z V ' T ^ 1 

0 g z XAjt ( Z +g Z )a-z« 

S* 



Replacing z'l by a; and — by n, we have 



Ccr. (0 £<>/»)-£-( -* ) =1*'*=^- 


(<tt) 

Similarly 


^=^-'x) = l.xi-i=xO=l. 
dx dx 7 

du , dz 

t-=1 , and -r=l. 
du dz 


i. e., the differential co-efficient of a variable with respect 
to itself is always unity. 


2.5. Differentiation of (ax-f b) n when n is a positive 
integer. 

Let */=(ox-f6J n 

y + $'J=[«(*+$*) + t] n =[ax + b +agx]° 
oy =*[ 0 x 4 - 6 4- agx] n — [ax4*6) n 

= (ax+6) n -f-n(ax-f-6) n - 1 .agx+ n ^~^ x 

(ax+fc)r-*a 2 ( Sx) 2 -f-.+ a°(gx) n - (as+ 


♦ 
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=an(ax+b) 


x + (n—1) terms involving 8x and 

powers of lx. 


In the limit when gr->0, we have 

j^=an(ax+b) n_l 

dx 

since the number of terms is finite and all terms 
excepting the first vanish with gx, in the limit. 

The result holds true for all rational values of n, the 
other two cases can be proved in the manner indicat¬ 
ed in the last article. For another proof, see Ex. 1, 
Art. 36. 

Examples 

Ex. 1. Ify=(3*+2) 5 , 2=3 x5(3z+2)*=15(3*+2)<. 


_ „ * 

Ex. 2. If y=y/5—lz=(5— <x)“ 

^1/ / n\ 1 /r 


-1 


-7 


dx 


=(“7).i(5—7a;) = - ~j~=- 

5—lx 


Exercise IV. 

1. Write down the derivatives of : — 

3z 2 

(») x 9 . (t«) 7x 3 . (m) x°. (iv)~^.(v) 0 lx. ( vi ) 0'3x>° 
(vii) 3( 2 . (ria«) ^ (ix) (x) ~ 

(xi) 3x- 9 . (a-ti) . (xtii) 7x T . (xiv) -i.. 


(XV) *y/*z\ (x»») 19 >/ u * 



liy=x\ 


prove 


that 
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3. If 8=kv^ ; find 

4. If the volume of a sphere is given by the for¬ 
mula v=\~r z , find ^ in terms of r and its value when 

3 dr 

r= 3 . 

chi 

Also find the value of r for which — =r. 

dr 

5. A right circular cylinder of volume v cu. ins. 
has height x inches and base radius r inches, prove 
that :— 

(t) ssTtr 2 , if r is constant, (it) -^-=2^ra;, if x is 
constant. 

6 . The volnme v and the pressure p of a gas 
under constant temperature are connected by the rela¬ 
tion 

pv=c, 

where c is a constant. Prove that 


d p = __i 

dv~ ..2* 


V 


7. If pv lm4 = c (a constant), find -- 

av 

8 . Find ^ when y is equal to 


... dv c 
dp~ p 2 
dp 


(t) (3x-f H) 2 . 

1 

y/5x+$ 


(») -7iw) (I-*)* 1 . (v) z 


(«) (8*+5)i 

1 


\/(9—7*) 3# 

9. Differentiate ab initio y/'ax+o (P.U. 1952) 


CHAPTER III 

GENERAL THEOREMS 

Differentiation from first principles becomes very 
tedious in the case of complicated lunctions. With a 
view to simplify the process some general theorems 
are given in this chapter. 

31, Theorem I. An additive constant disappears in 
diffcrenciatioji. 

Let y=f (*)+c. 

When x becomes x-foi', let y become y-\~oy 1 

then y+^y=J (• r +& c )+ c 

oy=f ( x-\-§x)—f (x) 

oy _f ( z jr& x )~f ( x ) 

Zx~ &x 

In the limit when §.r->0 we have 

dy Lt /.* + &*)-/(*) d 
dx~Zx->U lc dx lJ( 

Substituting the value of y, it becomes 

[/(-)+')) um i 

i.t , the differential co-efficient of f(x)-\-c is the 
same as that of /(*). An additive constant may, 
therefore, be ignored in finding derivatives. This fact 
is expressed by saying that the differential coefficient 
of a constant is zero. 

Examples 

Ex. 1. The differential co-efficients of 5s 3 and 
5x b -|-7 are the same. 

E X .2. f («+z 2 )=i (*’)=2*- 


31 
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3 2. Theorem II. The differential co-efficient of the 
■product of a constant and a function is the product of the 
constant and the differential co-efficient of the function. 

d . . du 

(fti) —c. - 
dx v ' dx 




u, being a function of x. 

When any increment §x is given to x, the corres¬ 
ponding increment in u is denoted by hu. 

if y=cu, y-f y=c(u+SM) 
and Sy=c(u + Sa)— cu=c.%u, 

J>V = r JlL 

8x ' Sx 
In the limit when <>x-*0 

dy _ du 

dx * dx 

tt d , „ du 

Hence (cm) =c. - j —• 

dx v 7 dx 


1. 


Examples 

d (5x 3 ) = 5-f (x 3 ) = 5(3x 2 ) = 15x 2 . 

tlx (IX 


2. - d . (-r 2 )=r (r 2 )=*(2r)=2xr. 


dr 


c/r 


ds 


3. If 5 =a-}-i/f 2 , =0+i/.2/=/<. 

3 3. Theorem- T/ie differential co-efficient of the 
(algebraic) turn of any finite number of functions is the sum 
of their differential co-ejjicients. 

i.e., if u, v, w .are functions of x, 

then d [m+v— w + .] 


dx 


- ic <“>+ i w- ^w+ 
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Let y=u+v—w+ . U) 

Where u, v, w . are functions of x, so that 

when x changes, u, v, w . etc., and also y shall 

change. 

Let 8u, cv, Zw . and 8y be the changes in u v, 

w . an d y corresponding to a change cX in x, 

then 7 /-}-©y = (u +^ l 0 + ( t; +bf)“( M, +Sw>)-b .(-) 

Subtracting (1) from (2), we have 
= + — ©W+. 

Sv o«, Sy 8w, 

— — 4 --— _ - T • • • • • • 


• • 


c-c 


ox 


Now, when gx -» 0 and consequently <>u, $y, 
and cy all tend to zero, we have 

Lt hy _ Lt _Sk Lt Lt Sw 

ix^O, U~2*->0 <ix' l "Sz-»0 iz oz-*U«x 


da , <f» A® , 

dx dx dx dx 


t.e. -* («+•/■»+.)= /,(“)+ 1 W" £<*> + - 

U X 

Note '-Hero and in other theorems, h, v, u> etc., 
are all assumed to be differentiable functions ot x. 

Examples 

\ ]f !/ = 2x 3 + 3x 2 -0x + 7 + 12- v / x y-3x' a 
then 

si *• n j »** - 

d 


' dx ' 

d 


+-£ < 7 >+ * <>**;>- -;z'> 3 * = » 

= 2’3x 2 4-3‘2z—C 1 1+0-1-12 (\x *•) —3(—2.x ') 

= 6 (x 2 -j- x— 1 x ” d - •*'"'*) 

a;M-3x+6 

2. Find the derivative of \J~ x ~ 

Let y= (x { 4-3x-d-G )/\/ x =X'+3x--|- Gx 
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. d JL- « x f + . +6f i,-*i- w+3 *" 6 

. da .- 3 *+a* +0( 3 * ) = —^ 

3. Differentiate (x-|-c) 4 . 

Le t y = (a- -f- c) 1 =x 4 4- 4cx 3 -f- 6c 2 x 2 -+- 4c 3 x -f c 4 

~ = 4.r 3 4-4c-3x 2 4-6c 2 -2x-f-4c 3 l-|-0 
= 4(x 3 -|-3cx 2 -F 3c 2 x-f-c 3 ) = 4 (x-j-c) 3 . 

Exercise V 

Find the derivatives of the following with regard 
to the variables involved : — 

1. (*') J.r 3 -bix 2 —x (ii) af*-f6f+c 

(,,,)3+ y-^ (,r) —jr -. 

2. (t) (x-|-o) (x-f 6) (ii) (y + 3) 2 (y + 5) 


•> 


(i») 8 + 2v/0 - — (.») 2 +- 

V y 2 3 

3. Findift/=x- |r+— 

dx J 3 1^5! 7! 

4 . (i) If/(fl) = e 3 -30 2 +30- 7; 

find /'(3) and 0 when /'(9) = 0. 

(tt) If/(x) =x 4 -10x 2 — 40 v*, find /'(4). 

5. (i) If y=x~ — x, prove that —i_i 

ax x 


00 If'/ = x 3 —x 2 , prove that-/* 

dx x ‘ 

1 _ t 

6. I’rovo that y=x--f-x J satisfies the equation 


3 u 


** t + 


(1). U.) 


7. A partiele is moving along n straight line. The 
distune..- x ft. travelled in tirao t sec. is given by 

Find the velocity ^ at the end of 
two seconds and tho time when the particle stops. 
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8. A body is projected vertically upwards. The 
height it has risen in time t is given by the formula 
h—bOt-W. Find the time which elapses before its 
upward velocity vanishes. 

9. The distance s ft. of a certain body from the 
foot of an inclined plane at any time t sec. is given by 
*c=40 + 72/-8i 2 . Find when and where the body comes 

to rest.’ 

3-31. In solved Ex. 3 Art 3 3, differentiation of 
(ar+o 4 was obtained by expanding it as the sum of a 
number of terms. Expansion of expressions such as 
(z+c) 151 , (x 2 + 3x + 5) 27 is neither easy nor convenient, 

and of expressions like (3x+4)"' is not possible in 
finite number ol terms. A method of difteren*iating 
functions of this type is now given. 

3 4. Function of a Function. Sometimes we have 
an expression which is a function of a function ot x. 

For example 

u=sf)**+2 is a function of x. 
V=(5 x 2 +2) 3 4-3(5x 2 +2) 3 + 8 is a function of 
80 that y is a function of u, say F («) = u 3 + 3u+8 where 
u is a function of x, say / (x)=5x 2 -f-• 

3 5. Derivative of a Function of a Function. 

Theorem IV If y=F (u), a function of u and u=f(x), 
a function of x, then 

dy = dy x _du_ 

dx du dx 

When x changes, u and y will also change. 

Let 3x bo the increment of x and let c«> 2y ho the 

corresponding increments of u und y then 

Jy _ x 3 u \by simple multiplication] 
bx 6u bx 

This is true because bx, bu, Jy are finite quantities. 
Now when §x-»0, then 3u-»0 and Sy->d. 

Lt by __ Lt bl/_ Lt 8u 

£x ->0 It oU->0 CU cX—fO bx 
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• d v _ d v v du 

t e ' dx du dx 

Cor. If y ie a function of u, u a function oft; and 
v a function of x, then 

dy __ dy 

dx 


du dv 
, X -r- X 
du dv 


dx 


The formula can be easily extended. 

Examples 

£ is In the example mentioned above in Art. 
3 4 , we have y = a 3 4-3u 2 -}-S aud u = 5x~-) r 2 ; 

w6 have -f / =S!r+ea=3a(u+2) and -*‘ =10x. 

CL It 

■ du =- d :' X dU = 3u(«+2)xl0r 
dx du d-x 

= Mx\ox°~ + 2)[5x* + 4) 

Ex. 2. If 7/=c(x 2 +3xd-6) 27 , find dy 


Put 


and 


dx 

u = x 2 + 3x-t-5, then y=u zi 

du 


dy = dy_ y 

dx du dx 


= 27u 23 x (2x4-3) 

= 27(2x + 3)(x 5 -j-3x-}-5) ?8 

r v 3 Find when y = u 3 , u — y/v and t» = 6x*+ 2 

c-x o. ( i x 

dy 0 o .j du _ j 
Ilcro - =3»~ — 3i\ , - J 

du a ' 


i 

•J 


1 , dr 

4 , —, and ,- = lOx 


2V»> 


dx 


. x x 1' =3i* X X 10x=15x v/y 

• - d.c du dv dc -\/y 

x= 1 5x v / 5x 2 -f-2 

3 5i. Putting y—x in the result of Art 3*5, we have 


tlx 

dx 


dr 

dll 


du 


dx du 


—— i.c. . X 
dx d t( dx 


, du , dx 
] or——= 1 f-j 

Hr n ii 


k 


x 
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Thus 4^- and are reciprocals of each other and 


dx 

dy j dx 
so are ~~ and - 
dx dy 


du 


This can be proved independently as follows 


We have 


8 .V 2* 


= 1 


* Sy 

In the limit when 8x->0 we have 

, Sy —. £ x , du dx dy 1 

gx dy dx dy dx dx 

dy 

For example if y=3x-f-4,-—-=3, and 

dx , TT dy dx ... . 

since x=\(y—i) t -^~ — \ Hence ^-x — =3x 3 = 1 


3 52. Putting y = u n in the result of Art 3 5, we 

du 
dx 


du d , du 

have -j—=— t—( w n ) X—_ 
dx du dx 


= n u n_1 - 


It is important to note that the derivative of u D 
with respect to u is nit"* 1 but with respect to x, it is 


respect 


71 U 


n-1 


du 

dx 


Thus 


dx 


/ 1 \ 1 du d 1 du 

(u) = -^,u and d*l' /u)= iJi-H 


Examples 

Ex. 1. Given x 2 ft/ 2 ==r+y, find 


dy 

dx 


Differentiating both sides of the equation with 
respect to x, we have 2x+2y ~^~= 1+-^- 
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■ 9,, d J dl J _ i o. io d V ! ~ 2r 

dx dx dx 2y—\ 

Note :—This is an example of Pndinj; the derivative 
of y vvi h respect to x when y is an implicit function ol 
x i. e. y is not explicitly expressed in terms of x. 

Ex. 2. Differentiate x 7 with regard to x 3 . 

Lot y—x 1 and u=x 3 , 

so that, f- = 7x° and '!" = 3x 3 
dx dx 

then d !' = % 3X =!' , rf '‘= 7 *°, = I .*■ 

t/x rfa dx/ dx 3x 3 3 


Ex. 3. If y=/ 3 + 3/+l and x=t°-+5, find 
'-= 3f 3 -|-3 =s 3 (*2+l) and 2 1 

at 


d V 

dx 


dt 


dt/ dt/ 


dt 


dx (it * dx 


dy_ dr 3(< a +l) ■ l 


dt dt 
Exercise VI 


'It 


m 


1. If y=z ^ and itssa-f- lx 2 , find d J f - when x= — ] 

2 . Different into the following with respect to the 
variables invtdvi d : — 

(«) (l+.r+rr-) 3 (ii) y/t*+\) (Hi) (x-f-- 1 ) 5 

x 

, _ 1 

>' ) VI*«r-x 2 (VI 2 / (I’O y/z-i-b- 


(*■'"» (o/* + 2W + 0 V (w«i) V 1 -F~vT+x 




3. If'/- \/ 1 frhnw that ?/ .• =x 

a.c 
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U ( Find ~ when s=2av+bv 2 and v=c+dt 
at 

_ rfv dx . 

D-\_^5. Verify that ^ X — -1 

when (»') + t (ti) y=l/(*+«) («0 3/= x2 + 7 

6 . Find when (t) x=a< 2 , t/=2al 

(lx 

(,V) a = l— I, y—l—i* (Hi) x=5G 3 +7, y=30 2 +0. 

dy , 

7. If t-= r 3 and s=4~ r 2 , show ihat-^- — 2 r - 

/o Ri n d ^■ / for the following implicit functions of *:« 

c/u: ^ 

(i) *2+;/**= 4* (if) X 3 +J/ 3 =^+l/ 2 (i'll 2/V= 4aX 
^^ a; 2 +2/ 2 + 2^+2/f/+c=0 (y) xV«Hr/^ =1 - 

9. If y=32 2 +V’2+ 10zah ' d + fin(, 'di' 

when r=2 

10. The velocity » of a body moving in a straight 
line is given by r=- - (! _^ f5 . find 'V '■eeclemtion 


dv 

dt 


when / = 3. 


«, if,,— ._ 1 +, 1 „ , show that 

11- * V - 14«x* ^ 1-f” 2 


dy 

dx 


Pa 2 * 3 

(l-a** 4 ) r 


dy 


12. Find "when y=z*, z — V l+« c.nd u—yjx 

d t ^ 

13. Differ* ntiote (t) v/ x wi,h rf ' s P C(,t to 


(ii) x 2 with respect to a: 5 
14. If y-v? — 5u and u=y/x l — x, find 


.*/ 

dx 
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3 6. We are now in a position to simplify the 
method for obtaining the derivative of x° when n i*a 
negative integer or a fraction, positive or negative. 

(*) Suppose n is a negative integer, say — m, and 
y=x° ■= x~ m =~—. 
then x m =y~ 1 

Differentiating both sides with respect to x . we 
have 


mx ®' 1 = 




= — ?nx m ' 1 x y 2 = — mx m 1 


Xx ia> = —mx 


-m-1 


[V —m=n] 

(ti) Suppose n is a fraction, say - where p and q 
are integers ^ 


P 


and 

« 

y=z n =x <i . 

0) 


then 

V q =*' 


Differentiating both sides with respect 

to x, we 

have 




. dy 
‘ ■ dx 

p X^ -1 11 

— — = jP-l «il“Q — 

q ^' 1 - 1 q y 

> P &- 1 . 
q 





l b y 0)] 

— - 

V 2 r-i x x -j " ~ P a . q -1 

= nx"- 1 1 

r v- p -=«] 


q q 

I 

L q J 

Ex. 1. 

If y=(ar + b)’ , > find -j* 

dx 

when n 

is any ra- 


ti"nal number. 



u---(ax + b), 


then 


du 

. —a and y = u° 
at 


k 
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^ =nu n-i where n may be any rational number. 
'da 

Hence xa=un(ax+6) n ' 1 

dx da dx 

[compare Art. 2*5] 


Ex. 2. If y = 


1 


y/4X-\-0 




dy 

dx 


^ = _i(4. t + 5) * X 4 = -2(4x + 5) 


3 

3 


•2 

3 


Ex. 3. Write down the derivatives of : — 

(5*+G) 5 ,(l-x) 23 , \/ax+b, l/(3x+4), (7+8*) 

3 7. Derivative of a Product. 

Theorem V. The differential co-efficient of the product 
of two function«is the sum of the products of each function 
multiplied by the derivative of the other. 


% 6 .| 


dt C“V> = u d d x (v) + v d d x (u). 


where u and v are functions of x. 

Let y =uv - 

When gx is the increment given to x, u, v and y 
will have corresponding increments ; let these be 6 u, 
hv and By respectively. 

Then y + foM“+^)(» +S”) 

g y = (u+ou)(v-\-6v) — uv 
= v^u-\-(u-\-ou)ov 

r =4i +( “ +M fr- 

Zx Z x cX 

In tbo limit when u+Su->u and we have 

* • 

dy du , dv 

j = v j +“ • 

dx dx dx 

d du , dv 

i.e., ~(uv)=v r;+“ 


dx 


dx * 
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Cor. (tt) Putting v=u, we have-.— (u i ) = 2u^. 

dx ' ' dx 

(«) Putting v=x, we have ~(ux)=x v. 

CLX ' ** 


dx 


3 71. We can readily extend the method to the 
product of three factors. 

Suppose y=uvw. 

Put uv=z. 

Then y=zu>, and d '- = z pL +« * . 

dx dx dx 

Substituting the value of z % we have 

dft d*o , d , v 
= uv 


dx 


dx 

dw du , 

it +* E-l 

rfiy dy dw 

= wv , -4-wiy , —+ viy , . 
dx dx dx 

Dividing by y*=uviv, it can also be written in the 

lorin. 

1 d.V __ I d?<* 1 dr 1 da 

.V dx ic dx y d.t ‘ iTdx* 

, ’ hr ‘ method can similarly bo extended to the pro- 
dui't of any finite number of functions. 

Examples 

Ex. 1. y= (ar+i)(x a +c) 

dx = U " 4 c \ix (^+6)+(ax+6)A(x*-f- c ) 

= (x = 4-c>i f (flxJ-A).2x=(ic4-26x-f3ax* 

I hD ion be verified by multiplying out and then 

mlfcnm: i.uing. 

Since y = ax 3 J rbx--\-acz-±-bc. 
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Ex. 2. y = (2:r4-3)(z 2 -5)(7-:r 2 ) 

* =(a:*-5)(7-**) ~(2^+3) + (2x+3)(7—x«) 

x ^ ( **-5)+l2*+3 )( **-6 ) /- (7—**> 

=(.r 2 —5)(7—x 2 ).2+(2x4-3)(7—x 2 ).2r 

-f (2r-f 3)(x 2 —5)( —2x) 

= 2(x a -5)(7-* 2 ) + 2x(2*+:<)(7-* 2 ) 

— 2x' 2a:+3) (.r 2 — 5) 

= 2(z 2 — 5)( 7 - x 2 ) -f 2r(2r + 3)( 12 - 2.t 2 ) 

= - 2(~>x i + (>x 3 - 36* 2 - 30x^5) 

Ex. 3. £y=(3*+8) 7j > + 7)- 3 

2 = (*+ 7)-»^ (3x+S)’ +(3x+8) 5 j- (X ' +7yl 




= (* + 7)- 3 . 3 -(3*+8) j -3 

+ (3*+8)’[-3(*+7)-»] 

=7(.rf7)- 3 (3j: + 8/ :, -3(3x + 8) 7 '(j: + 7)- i 

«(3x+8j*(*+7)-'[7(*+7)-3(3*+8)] 

«(3*+8/ s (*+7)-*(25-2*). 

Ex* 4. x 2 -\-y- = oxy, show that X^J=1. 

Difi'orentiating with respect to x, we have 

dxH - y dx 1 J,+ar </x 1 *■ e "dr _ -ix-iy 

Now differentiating with respect toj^we get 

o dx dx . dx a 2x—2y 

2x - - -r-2y=3[y +x-l] t.e. — 

dy dy dy 2x—„y 

dy dx 2x —3w 3x — 2?/ 

Hence /x . =„- 5 - X 0 -= 1. 

dx di/ 6x—2y 2 x—iy 
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Exercise VII 

1. Differentiate with respect to the variables in¬ 
volved : — 

(i) (2x+3)f7x+ll) (it) (2a:-f l)(x 2 -H) 

(***) (1 + 4x) 3 (l — 3x) ( iv) (y a — 1 Ky 3 2t/ 2 — 3) 

(V) (2-f-2 2 j v /3 —2z („i) (1 

2. (i) .r(x + 2)(x2-2) (»i) 5) 

(»*•') fy 4-3) 2 (y-f-5)(2y-f-3)(iy) (2u*+3u+ 1 j(u 3 4-u-f 2) 

0^*3. Find for the following implicit functions 
of x :— 

(t) x 3 -fj, 3 =3xy («) a*+y*=5*-y 2 

(***) az 2 + 2hxy-\-b,f=\ (iv) x^-fyS =a 5 

If y = 2 *m 2 , find ~ V -when z=-2, u =l, v = -l. 

Use the formula for differentiating a product to 
find ^ wheny = aH” . z° and verify that it agrees 

with the result obtained by differentiating z® +n . 
Establish from first principles that 

if ax* + '2hxy+by*=l, dy = -° x f_ h y 

’ dx Ax-f6y" 

7. Prove that tho product of the values of -- at 

dx 

(h0 f' 0,nts common to the curves y = Wa*-z- and 
xy =c- ;s unity. 

3 8. Derivative of a Quotient. 

The', rem VI If y= “ where u and v are functions 

°j r i *' w ho* zero, /Ar/t 

du dv 
V V dx ~ U dx 
dx ^v /“ 
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dy 

then by Art. 3 7, -j——v 1 


=uv~ l 


, du 

, <* 

=ir 1 , 
dx 

+w “c/x~ 

, du , / 

o cfo- 

■5i +u t 

! ^ 
to 

* 

■ a 

i 


__I du _ » rfu = _I r„ 

v dx v l dx v £ L dx dxJ 


3 81. The same result can be obtained from first 
principles as follows 

U - « + $« « + » 

Let y= - then !/ + *!/- v+ * y \ S»- y+ g y „ 

Jy ^ J r ”+S tt _ u "| 

•• o-tU-bov "" fJ 


1 rur-\-r%u — nv-i‘$v 

l r t $« _ u $£-i 
5=3 *- 8-^ 

In the limit as and we get 

fir. t 2 V d.c d.r' 


</* t- N d-C “-T 

r/u dv 
t —'—u 

d /u\ _0* _ ar_ 

•• d*V w / V 2 

i.e.j the Derivative of the quotient of two functions 

Dcn^. [Derivative of Num r l.-Numr. [ Deriv ative of Dcn»-.l_ 

— " Square ot Den,-. 

, 4 d / 1 \ 1 dv 

Cor. (•) Putting *=1, we get,- . 


Cor. (t) Putting u=l, we get, =-^ 


(n) Putting u = l and wo have~(^ = — 
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Examples 


Ex. 1. y= 


dx 


X 2 -l 

i 2 +l* 




c/.c 


2x(x~-\-]) — 2arfar 2 — 1) 4x 
(** + !)* 


'(**+1)* 

E - 2 - if *- then y!= £i- 

Differentiating both sides with respect to x, wo have 

dy d rx 2 — 1 


dtf d rx 2 — 1 T 4x 

~ }J ‘ dx “5TU*+i J “( x"*+17 [by Ex - 11 


du 


2x 


2x 


jx 2 •+■ 1_ 


2* 


dx y (Z 2 + I) i '\y ;t 2_ 1 (4?*+l) N /i5CT 

Ex. 3. y= W*—y/b)IWx+y/b) 

dy ^ v/x+ ' b )£-(V x -Vi>)—W x ~\/i>)*-Wx+sSt>) 


dx 


( K /x+y/b)* 

= {Vx+ y /byk' /x +' /b ) -jr^--W*--y/ b ) 2 ^] 

= ___y_6_ 

3'9 Formula; for Differentiation. The formulae 

derived in this chapter are collected in the following 

tu 1) 1 o for reference : 


i dc 

’ d X =° 

2 . ix n ) = rx' _1 
dx 

3- fu + v —w + 

dx 


d" L“ 

, _ du dv dw 
dx dx dx 


• •• 
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. d , . du , dv 

4 - dx (UV) ==V dx +U dx- 

du dv 

v j- u j~- 

dx dx 


5. 


[“]= 


2 


d p u 
dx 

dy dy du 
dx du X dx' 


Exercise VIII 


Differentiate :— 


1. (») r*t* (“) ^vt (‘‘OttxW ”i: 


CX + (i *M-1 

(x4l) 3 . .. l + 2a: 


•n 

l-j-a: D 


1 —a:-far 2 
1+x+x* 


14- -lx 


a; 3 —x 


w ^w 1 ’ 11 r+x-^ 
2 . (i) ^-(«0 


Jl+V <-) s 




^ (,V) *+Va*+x* W 

(-0 (!;■)’ -w-m x =w 

3. Differentiate with respect to a; 

( V a-fx — yj a—x)!W a -fx +Va-r) (D.C7.) 

4 . (i) If y=-~g, prove that *^=y(l-y) 

(u) If y= —£=r- % prove that x 3 j~=(H 
V l + * * ax 

• _ J 

(tn) If y=x±\/x i 4-1, show that (y—«=y. 


5. Express ^ in terms of when 

2* l-< 3 

*“ 1+|2 * y_ l+l 2 


(D. U.) 
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.... a (1-/2) 
(il) *= 1+7* 


2 bt 


+<- 


(P. U. 1941) 


6. Prove the formula -'*J_=l/-'* v and apply it 

Cl X 


dj 


to find 


dx 

dy 


when x and y are connected by the relation 


+x 


CD. U.) 


a 


{/ 7. Differentiate (i) ^—- with respect to x s 

(P. U 1944) 

(D. U.) 


ar + b • a'r-\-h' 

s (it) ^ - t -- with respect to— 


cx+d 

s/ 0 . 1—a* D + 1 


c'x±d' 

7^8. Assuming that —= 1 -f x +.t 2 +'. +x° 

deduce, by differentiation, the sum of the series 

14-23 + 3*2+ . +7l3 n - 1 

9 Differentiate the following :— 

(»)-*— (P. U.) (n) V^ ±- 1 - + j 

a ~~\/a~—x~ J x +l - x /*-T • 

(P. U. 1941) 

(m) (P.U.) (,» + VTT^ 


A -.-+1 - V.r 2 - 


V l4--r 2 v l — x 


[Hint: nationalise the denominator in each case] 

10. DiJT. initiate / **--"* 

W bx — cx- 


(P. U. 1952) 
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CHAPTER IV 

differentiation of circular functions 

Note.—The angles arc all taken in circular measure unless 
otherwise stated. 


4.1 Differentiation of sin x, where x is given in 
radians. 





cos 


(*+ 5 > 


sin 


Px 


In the limit when Sz-j>0 


dx 


Lt 


0.7 


» wo li^ve 


o £"">0 cx 


Lt / 

“ hx ->0 C ° S ( 
= cos X. 1 , 
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The limit of the second terra on the right hand 

side is 1, for, the angle x and consequently 8x is in 

, , . Lt sin 0 , 

circular measure and by trigonometry q —— 1 


when 9 is in radian measure. 

Hence ^(sin x) = cos x 

If u is any function of .r, ~ (sin u ) = 


du 

cos m r- 
dx 


41 ^Geometrical. Let OA = OP=OQ — 1. 

^AOP=x (in circular 



«= cos ^PQR. l=cosZLPO = eoH^AUi > 

= cos x 

For, in the limit when §x = ZPOQ~»0, 
/.OrQ->yo°, and (_ 1 Q1WRPO=£AOP=x. 

4 2. Diflerentiation of cos x 

Let u—cos x. 

* 

>Jn- oi/ = £Os (x-f&c) 

6j/_*cos (x-f cx)~ cos x 

Q.l 
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f . hx 'J 

, ^ = __ Lt I £,D 2' | Lt . 

dx gx-^0 i gx ' >• ex->0 8iu(x+-) 

• . I F J 

— — I. sinx=—sin x. 

d, 

, e * j~( c °8 x) = —sin x 
If u is any function of x, 
d j(cos a )=_sin u — 

hole ; The derivative of cos x can bo deduced 
from that of sin x as follows : — 

dx (cos)= r* -* )=cos(--j--*)x(-l) 

^ , . = - S * n ^ 

Kx. I'ind the differential co-efficient of cos x geo¬ 
metrically. 

4-3. Differentiation of tan x. 

- Let y = tan x 

yd-cy = tan (x-fgx) 

Sy=ta„ (x + Sx)-tan *= sin ( * +8 ''' _ flit* 

COS(X-fdX) cos X 

fx-f hr) r os x— cos (x-4- gx) sin x 

COS IX + gX) CO;> x 

sin (x-fgx—x) 
cos (x-fgx) cos x 
g?/ fin hx 1 

ox gx COS (X-fgx) cos X , 

. _dy Lt /sin gx\ 1 

rfX H Sx-)0 ' $X / r»ns I-r-L _ 


“**** 


0*^0 


gx->0\ gx /• 

= 1 .— =sec*x. 

COS'X 


cos (x-f 


S X S- 

1 


Hence - j — (tan x) = sec*x. 


V c 


w V dL 

d I \ \* 

va- V 


.v / 
^ 1 
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If a is any function of x, 

d . . o du 

~dx~ ^ tan u ) = sec “ u 

4.31. *Geometrical — Lot OA=OP=OQ=1. 

^AOP=x radians = ArcAP, 

^AOQ=.r-f £x—arc AQ, 
then ^POQ = incremenfc of x 

= 3^ = arc T'Q. 

OP, OQ meet tin* tnncent at A 
in B and 0 and I3Nj_0L In the 
limit when Q coii d ies with P. C 
coincides with 13 and /_OCA be¬ 
comes equal to /OBA = — x. 

ml 

Now 7/ = tnn.r 

=AB/OA=AB 

and ?/-f Si/= tan (x + £.r). 

=-■ AC OA = AC 
g y =AC-AB = BC 
£;/_LC BC BN 

ca'~P0^ BN.PQ 

rf.V T BC - BN 
= Lt _ XLt 



dx BN /N “' Py 
= Lt co;ec /BCN x Lt 


OB 
OP 

T / 7T \ T OB 

= Lt cosee^-j - x) X Lt-^ A 


=8tc x x sec .r = sec\r. 

4 32- Derivative of tan x deduced from those of sin x 
and cos x. 

Let y=tan x = sin .r/cos x. 

, cos .r ' (sin x) —sin x (cos x). 

di/ ax dr 


then 


dx io.v- x 

cos x fios x) — sin x ( — .'■in x) 

cos 2 x 

co.- 2 x x sin -x 1 , 

= 80 X. 


CO 


i os 2 x 
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4*4. Differentiation of cot x. 

Let i/=cotx 
then y+Jy=cot (x+gx) 

and Jy=. cot (*+J*)_cot r= Ms (r+W_ co a * 

sin (x + £x) 


sin x 


_ sin x cos fx-J-gx) — sin (x+rx) cos x 

sin (x+ex) sin x 
sin (x— x— gx) 


sin (x-f gx) sin x 
£»/ _ sin gr 
dx 


1 


0-* 


sin (x-f gx) sin x 


and rf " = Lt J» 
dx gx-»0 gx 


_ Lt /sin gx\ Lt 1 

5x-^0 \ ox- / gx-*0 sin(x+ 2 x) 5 ii J x = — Lcosec 2 

= — CO SQ( 7 X. 

HenC0 dx^ 01 *) = -c°sec 2 x 

and -j 1 - (cot u)=- Cosec’u f * U - 
Gx dx 

Ex. Differentiate cot x regarding it as cos x/sin a 

4 5. Differentiation of sec x. 

Let y — .sec x. 

y+^y=> ec (xf gr) 

oy=sec (x+ox)-sec x 

9 cin $X 

= _coa I g—co s ( x-fgx) ,n 2 8in V + T 

cos (X-foX) COS x cos X cos (X T gx) 


o V 
bx 


sin 


c,x 

2 


S X 
2 


(*+ '■>) 

cos x cos(x-f gx) 
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. d V 


Lt 


«»£■) 


dx Sx->0"^ 


i^LLj. Lt 

! &T 2r_* I 


eia (x+ 


l 


j dx-*0 cos a; cos (x -f &x) 


i Pin x 

= 1.—-=tan x sec x 

cos x cos x 


• u 

i e » - (sec x) = sec x tan x. 


b> 

and 


dx 


(sec u)=sec u tan u 


du 

dx 


Proceeding as above we can obtain 


dx 


(cosec x) = — cosec x cot x. 


Ex. Differentiate sec x and cosec x from the fact 
that sec x =(cos x)' 1 and cosec x = (siu x) -i . 

Examples 

Ex 1. Differentiate sin (9x-f6). 

Let y=sin (9x4-5) an i ti=9x + 5 
then y=sin u 

dri du du d d 

dx = du X dT = ~da (sin “> dx’ :9x + a ) = C0S “ x9 

= 9cos(9x-f5). 

Ex 2. Differentiate sin X*. 


Let 7/ = sin x° = sin£ radiansj 


du 


- r d / 77 r\ 


"dx COS lh(i X dx MbU^ 

^ ISO cos isu = iso C08 X °* 

Ex. 3. Different into sin Or sin lx 
Let >/ = sin 3x sin T.r=’(cos -lx —cos 10 x) 

••• -j =i[-^ sin 4x-(-I0sin 10 x)] 

= osin lOx—2sin 4x. 


k 
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Ex. 4. Find the derivative of cos x 2 . 

Let y ~cos z 2 and let u=x 2 , then «/=eos u 
dy dv du 

lheD <foT = T?Xxr=- 8 in«x 2 *=- 2 » sin x 2 . 


[By Ex. 4] 


du dx 

Ex. 5. Find if y=x 2 cos x 2 . 

i ^ = COSX t ~ (**) + **£- (C0S2«) 

= 2x cos x 2 4 -x 2 ( — 2x sinx 2 ) 

= 2x cos x 2 — 2 x 3 sin x 2 . 

Ex. 6. If y= tan 2 x sec 2 x, find 

dx * 

<fx~ 66C 2x ^( tQn2x ) + tan2 x ~ d ~ (sec 2x) 

— sec 2x [2 tan x. sec 2 x]-f-tan 2 x [2 sec 2x tan 2 *]. 
= 2 tan x sec 2x (sec 2 x 4 - tan x tun 2x). 

*?_ 7 T*- l dy sinx — cosx 

tx. 7. find -—when y= -- 

dx sinx+cosx • 

(sin x -f- cos x) — (sin x—cos x) 

ax 

— 'sin x — cos x) ^-(sin x -f- cos x) 

(sin x 4 - CU3 x ) 2 
(sinx-f- cost) [c osx 4 -sinx] — (sinx—cosx) (cosx — sinx] 

(sin x + eu* x) z 

(sin x 4 - ccs ) 2 4 - (>jn x — cos x ) 2 
siii-x 4 " eos 8 x 4 - 2 sin x cos x 
2 (sin 2 x 4 - cos 2 x) 2 


dx 


l-t -2 sin x cos x 1 4 -sin 2 x • 

Ex. 8. Find the differential coefficient of sec(sinx). 
Let u = sin x and y = sec (sin x)= sec u. 

dy dy du d 

theD dr = du X dr = 60C “ tan KX dx («"*) 

= cos x sec u tan u r= cos x sec (sin x) tan (sin x). 
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Exercise IX 

cT 1. Find the derivatives of the following with res- 
pect to the independent, variable : 

(») Cos 3x (ii) Sin (c-nz) (iii) Cot (l80°-7x°) 
^\iv) Sin 2 3x (r) Cos 2 \x (vi) x"Sin nx 

(vii) 2 tan-y/;/ ( viii) Cosec 4 */ 


(*x) x/Sin <y 


3 


(x*) tan 2 — 3tan : r. 


2. (0 Sin 3 2 Cos 2z («) Sinr Cos 3 x (iii) tin x Sin x 
(iv) Sin 3xy/C »s 3x (v) y/f) Cos IG (iv) tan v /r — Cot\/x 
(t’») 8in@ cos9 eos 29 (w/Yi) vers x Ivi) covers x. 

. 1 - 4 -Sin x ... 1— Cn<0 .... l-t-S'n i? 
3 - (,) CosV- (U) ‘1+Cos0- (tn) r-sw\z 


Sec x + tan x xd-Sin x 
(,y) Sec x~tah~x‘ {V) l-C.. S z' 


(vi) 


tan 2 


1 — tari 2 2 


sin ?.r 


(viii) 


rin ‘Jz 


( VH \/ N , x • 4 + 

4. (o) (*) Cos (tn cot x) (ii ) Sin (Sin x—Cos x) 


(b) Cos (Sin\/ox-f6) 


(P. U. 1953) 


5. (i) y/Sm x (ii) Sin y/z (in') y/Siny/x ? 

(P. U.1952) 


(Sec 2 nx— tan*nx)=0 


( a ) Show that ^ 

and account for this result. 

(b) D.fferentinto Sec 1 nx —tan 4 nx. 

7. Find if (i) x=o Cos , y = b Sin <p. 

(ii) x = a(G- fSin0), y—a( I —Cog ft) 

(P.U. 1953; 

(iii) x=a Cos 3 /, y — b Sin 3 /.^. 

8 Finfl dr if ^ x = tan ( x +2/)* (H) *!/=* in*x 


(iii) x sin y—y sin x = 0 
V . dG / du 


fiv) If tan0 = ^ . show that *^=( *£). ( X# +V*). 


x and y being functions of I. 



DIFFERENTIATION OF CIRCULAR FUNCTIONS 


67 


9. Differ* ntiate the trigonometric formulae for 

(*) sin 2;r (ii) sin 3x (Hi) cos (x-fa) (ii>) tan 2x. 
and obtain the corresponding formulae for 

(t) cos 2x (ii) cos 3x ( lii ) sin (x+a) (if) sec 2x. 

10. Differentiate (t) cos x with respect to cot x 

(ii) sin x- with regard to x 2 . 

.... sin x x 

(iii) — with respect to — 

x sin x* 


11. Show that the derivatives of all trigonometri¬ 
cal ratios are deducible from the derivative of sin x. 


*4 6. Differentiation from first principles- It means 
that the derivative of a function is to be obtained 
directly from the definition of differential c?< (Bcient 
as has been already done in the ease of simple fun- 
ct ions, without the application of the general theorems 
on differentiation or the results of standard functions 
already derived. A few examples of tiigonomctric 
functions are given below:— 


Ex. 1. Differentiate from first principles sin 2 .r. 
Let y- si n 2 x = \(I — cos 2x) = }. — 1 cos 2x, 
thon y+o'/ = l-l cos 2(x-}-8x) 

and oy = .\ cos 2x— cos 2(x + 3*)] 

= i X 2 ijin(2x-fgx) sin 3* 


d V IJ o '/ 

— • 

dx ~ 8x->0o x 


U sin(2x-| -ct)xL( 


sin c,x 
„ —sin 
c-«- 



Ex. 2- Find ah initio the derivative of sin x 2 


Let ?/=sin x ? , then y-f-Sv=sin (x-fgx) 2 

.*. by = si n (x-j-jsx} 2 —sin x* _ 

= 2 cot3*) 2 4-**] sin |[rx-f3xi2-x 2 ] 

= 2cos[x 2 -j-xoiJ-f* sin[xox4-| o c)' 2 J 


.-.^=2 co S [z*+rfx+j(^) 2 ] 

C X 


},<} X 2 [ 


v *o*+J(o*)* 
x - -**- • 


H *nce 


dy = Lt 3.V _ 2 

dx oc-^OS-c 


cos x 2 x I xx = 2x cos x 2 . 
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from first principles, the differential 
coefficient of \/cos x. 

Let y = \/ cjs x, then 2/ + <j>!/= \/ COd (x +3*) 

__ cosfr-f-o^) - ® 03 x 

■.Siy—\/ vos (r4-^x) —\/coa x = “ — —— , ,— 

‘ oy v v 1 ' v /cos(x-}-3.r)-i- 

— 2 sin (x-M ga?ypin i 8x 
== N /cos(x U-r) + v/ CO;J x 
. (1, l = Lt J'V 

dx 2x-H>0 dx 

Lt sin + J **) v It J»jn|Sx 

~ §x->0 V'cos(xd-gx) + \/ cosx 8*->0 £ o x 


sin x 


IV cos X • 


“"Exercise IX A 


1. Differentiate from first principles: — 

(i) sin 2H. (ii) cos £ x. (ui) cos*x. 

(iv) sin 3 x. (t*) sin x cos x. (vi) cos x 2 . 

(r ii) sin >/x. 

2. Differentiate from first principles tan x 2 . 

(D. U. 1038) 

3. Find from definition the differential coefficients 

of (t) z n (ii) y'sin x • (P. U. 1953) 

4. Differentiate with respect to i:— _ 

(i) sin ’ (ii) cosec (a9-\-b) (iii) cos v/y. 

4 7. Inverse trigonometric functions. In the 

equation 

x = sin y 

x is t ho sin* of v , or, wii it. is exactly the same thing, 
y is on inyb' whose .sine i s’ x. 

When solved for >/, Mo* equation is written as 
y sin'x or y=arcsinx. 

Siini'arly y=cos 'x il cos y=x and y = tan -1 x if 
tan y =■:••. < t<‘. 

The functions sin*‘x etc. aro called inverse trigono¬ 
metric Junctions. 
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Bin- 1 * does not mean sin z to the power -1, which 
is written as (sin z)" 1 . 

For any particular value of z, t/has an infinite 
number of values, for example wnen x=\, the angle 
y whose sine is b i.e. sin" 1 * is not only it/to or 30 but 
may be also 5*/b or 150°, 3-—“/b etc., in fact 

an inbnite number of values. 

Thus inverse trigonometric functions are infinitely^ 
many valued i.e., corresponding to a given value oi 
the independent variable z, there are an infinite 
values of the function y. This is maJe clear by the 
graphs of sin-hr, cos' 1 * and tair>z shown below. 



«=sin' J z 


tan _, z 


y = cos” z y 

In the graphs of ein-'x, cos-'z, the dotted line z=| 
meets the curves in an infinite number of points, 
eo does the Ur e z= 1 in the graph ol tan >z. 

In order to avoid discrepancies of si^n in the 
formulae of differentiation of such functions the 
functions are made single valued by restricting them 

to a single branch of each fuction. 
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In the graph of sin _ 1 x, for any value of x from —1 to 
1 , there is one and only one value of y, if y i 9 confined 
to tho heavily marked branch between — its to $ * and 
this value, called the principal value, is understood by 
the equation y = sin _ 1 x. Thus 

“ ^ • -i ~ 

— 2 < sin J x < y 

In the case of 7 / = cos _ 1 x, for any value of x between 
— 1 to ], there is only one value of ?/ if y is restricted 
to the value between 0 and tt which is taken as its 
principal value. Thus 

0 ^ cos~'x ^ ~ 
similarly “ 2 ^ * an ’ x ^ 2 


The«e principal values are shown by heavily mark¬ 
ed branches of the graphs. 

Sec br and cosec ' 1 x are supposed to lie in the first 
or third quadrants. 


Thus 



t 



tnn M ( —1) =-- , sec' , (21= , see ‘ — 2 ) = 4“/3. 

1 •> 

Note- Tho graphs <f inverse trigonometric fu no¬ 
tions arc obtaim-d by reflecting graphs corresponding 
to direct fundi 01 s in the lim>j/~.r. This can be seen 
bv drawing th»* grap" of -in x and rellecting it. in tho 
line y—x in ih<* same figure. The graph so obtained 
is that of sin 1 x. 

4 8 Derivatives of the inverse trigonometric func¬ 
tions are >n>w obtained from first principles as 
follows : — 

4 81- Differentiation of sin _l x. 

L t r/ = sin l r. tlu-n r = sin y .(1) 

2 / + S«/=sin Hx brx), so that x + %-r=8\nly-\-$y). 

6 r = sin(y-foy) —siny 
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and _ = _ § . V 

sin(y + *y)-siu y 2 eo 5 (y-f-$$y)sin 

Now when Sr-*0, also ->0 

. <fy_ Lt gy _ Lt 1 Lt \?.y 

dx l*-» g* Sy-*0 C0S iy + ^y) x c?/—>0 'sTi7 

_ 1 

cos y . 


Now as y is restricted to have values between — 
to cos y is positive and, theiefore, 


cos J/ = H- v / l-sin 2 y 

* dy =. 1 1 1 
dx cosy“Vi-sm 2 y“v/l^ 

Bence £ (sin“'x) = — * 

dx VK* 


lty(i)] 


Note. The various steps on ti e right hand sides of 
the equations are the same as those required for differ¬ 
entiating sin y[us in Art. 4 1 for sin r). If tho deriva¬ 
tive of sin y with respect to y which is cos y is taken fur 
granted, the result (2) is briefly obtained by different¬ 
iating equation (I) with respect to x, which gives at 
once. 

dx dy 1 

dy dx cos y 

*4*811. Geometrical. Lot OA=OP=OQ=l 

and let y=sin- , x=^AOP=arc AP. 

y+St/=£in-'(i-{-^) = ^AOQ=arc AQ. 

[fc’ee page 50J 

5y=sin- , (z-hgx) — sin-‘a; 

= arc AQ — arc AP 
= arc PQ. . 
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Also Sx = (x-l-§x) —x 

= sin(y+§y)--6in y 

=sin/AOQ —sin/AOP==NQ—MP=RQ 
Zy _arcPQ_ arc PQ v chord PQ 
gx RQ chord PQ RQ 
c?V_ Tt arc PQ chord PQ ' 

dx 'chord PQ X ' RQ 

= 1. Lt. sec /.PQR 


sec /.x\OP=sec y=^~- 


1 


1 


81 II 2 !/ 


v/i-X* 


4‘82. Differentiation of co8"’x 

Let y =cos>~ , x, then x= cos y ...(1) 

y+S2/=cos- l (^+Sa:), .\*-f Sx = cos(i/ + S!/) 

So that &r = cos(y-f- By )—oos y 

• _ %y __ Fy 

Sr - cos (y-f Syj — cos y — 2 sin + $ &TiT 
Now when also->0, 

. d V = Lt Sy 
dx By —>0 Sx 


Lt 


1 


_ ^ __X Lt —t __L. 

>0 sin(y-f-.Jgy) £y->0sin £ Sv sin y *■*'" 

Now as y lies b etw een o and z, sin y is positive and 
equal to -f-v/ 1—cos *y 

• d 'L __ 1 _ 1 

• • lx ~~ 


8,n If V 1 —c°s 2 y 

1 

= ~ x / 1-x 2 " 

Hence ^-(cos _1 x) = _ —— - 

ax V* - * 3 


[By (1) 
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Note. Note of Art 4-81 is applicable to this case 
also, so that if the derivative of cos y which is-sin y 
is assumed, result (2) can be obtained at once by 
differentiating equation (l) with respect to y, which 


dx 

gives — = —sin y 
dy 9 


or 


_ 1 

dx sin y 


*Ex. Differentiate cos' 1 * geometrically. 


4 83. Differentiation of tan -1 *. 


Let y=tan- 1 *, then z=tan y .(1) 

y4 3y = tan- 1 (z + S*), x+Sz = t&n{y4-Zy) 

Sz=tan (y+Sff)-taDy=^L'»+^ ) -?i!L» 

cos(y-t-oy) cos y 

_ sin ty 

~ cos y cos(y + 8yj 

• COfJ .V cos (y-f-%) on , 

•• o*- cjX Bn, ^ -*i „^- C0S » 

Now when o* -*0, Sy also-»0 

. dy = Lt Sy 

dx Sz 

= 8j-)0 5 .rV' 5y->0 cosyc oa (y+M=°°»’-!i~r-) 

dx C0S ^ tcc'-i/ l + lan 2 y ~1 |-jb 


Hence * 

Note. If the derivative of tan y is assumed, the 
result (2) can be obtained at once by differentiating 
equation (1) with respect to x. which gives 

dx 9 ^y , 

. =sec»y or-=cosV 
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*4 831. Geometrical. Let OA = OP=OQ = l, 
and let 7/ = tan~ , .r = / AOP = arc AP (See page 52) 

?/+c'/ = ,an_1 (-*' + o*) 

= ^AOQ=i»rc AQ 

cy = tnn _l (rH o-c) — tan -1 x 

= aro AQ — arc AP = arc PQ 

Also c*=(xd-5x)—x=tan (y-b©y) — tan y 

— AC—AB=BC. 

B and C being tlie points where OP, OQ meet 
the tangent at A and BNJ_0(J, 

3// _are PQ_ BN arc PQ 
•'ox"“~BC BO' BN 


dy _ BN t arc FQ . . wn r * 

••^= Lt W xLt BN' =U8m ^ CBxLt 0B 

=3111 ZOBA x =s,n \-i— y) x cos y 

= 1 = 1 = 1 
sec- y 1 f tau -y 1-px- * 

^-Example. 1. Differentiate sin"* 1 ^. 

Let y = sin -1 >/x and u = \/x then ?/=sin~ , u 


ily dy . .du __ 1 


dx d ii dx 


= X,—■ 


1 


1-M- -V-C l^'Xy/L—X 


4 81. Differentiation of cot _l x 

L"t y — cot-hr, then .r = cot y (1) 

Difft rentiating equation (1) with respect to y, we 
have 



dx 

dy 


■= — cosec- y 


1 


(1) 


1 


1 


cos.ec*y 1+eot-y 


<')i 
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Note. Here the differential coefficient of cot y is 
assumed. In case the derivative is to be obtained 
from first principles, full process may be shown just as 
in Art. 483 for tan- 1 *. 

This is left to the student as an exercise. 


( 1 ) 


4'85. Derivative of sec _1 x. 

Let y=sec _1 :r, then x=sec y . 

y+Sy=8ec _l (x+3a‘), .\ ®+S^=sec(?/+Sy) 

.'. 8z=sec(y+8y)—sec y=———-- 

j cos(y-f^y) cos y 

_cos y—cosfy+Sy) 2 sin(y-h|Sy) sin Igy 
“cos y cos (y+8y) " cos y (y-My) 
ly^ = g x _ cos y cos (y + o y) 

$x y 2 8111 (y+i3y) bin \$y 

dy Lt gy Lt $gy Lt. cosy cosfy 4-8y) 

dx = S*->0^ = Sy->0 8 ] u 5y-»0 biu(y+$d'y) 

1 1 -.(2) 


= lx 


cos 2 y 


sin y sin y sec-y sec y tan y 


Now y is supposed to lie between 0 and I* or bet¬ 
ween 7T and Iff, so that tan y is positive and equal to 

+ v' stc'y—1 


dy 

dx 


1 


1 


[by (l)] 


sec y y/ sec* y— l *\/a>—1 

Hence (sec _, x) = -j—. 

dx x\/x-—i 

Note- On the assumption of the fact that the 
derivative of sec y is sec y tan y, rosult (2) can bo 
written down at onoe by differentiating equation (1) 
with respect to y. 

♦Ex. Differentiate seo _, a: geometrically. 


4'86. Differentiation of cosec' ’x. 

Let y=cosec _, ^ l then x=cosec y .(1) 

Differentiating equation (1) with respect to y, 
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we have 


dx 

d y 


= —cosec y cot y, 


dy 1 

dx cosec y cot y' ' 

Now y is restricted to lie between 0 and f- or 
between it and $7r, so that coty is positive and equal 
to + s/~cosec*y—1. 


. d y = _ _?_ 

•• dx cosec t/Vcosec 2 i/-l 

Hence f- (coaec~ 1 x) = -- 

dx *Vx* 


1 

x^y x ~—i 


[by (l)] 


-l • 


Note. Here the derivative of cosec y is assumed. 
In case the derivative is to be obtained from first 
principles full process may be shown just as in Art. 
4*Sr» for see _1 x. This is left to the student as an 
exercise. 

V^Ex. Differentiate (»') tan'V* (»*) cos~ J (l — 2x) 

(iii) x 2 sec~ } x. 

(s') Let y — tnn~\/x and u= x /x, then ?/ = tan~ 1 a 
dy dy da 1 1 1 

• v dx ~ du X dx ~ 1 + a 2 X 2v'x = 2y/x(l -f-x) 

(it) Let t/=cos- , (l— 2x) and u = l—2x, then y=cos- l u. 
dyjy da = _ _ 1 _ , 0N _ 2 

dx du dx Vl— V1 —(1 —2x) 2 

_1_ 

Vx — X 2 • 

I 

(i?\) Lot y=x 2 sec" 1 *, then 


(/;/ 

nx 


;/ =(2x) sec' , x4-x 2 x —,i= =2x sec^xd— - g -~ 

X \/ x ! —1 Vx^l 


4 87 Sometimes a trigonometrical transformation 
considerably simplifies the process of differentiation. 
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To illustrate this, we solve the following examples in 
tuo ways. 


Ex. 1. Find d y when 

dx 


A — cos 

y=tan 1 ( — ) 

V bill x /' 


First Method Let u = — ----- X then y = tan l u and 


bin x 


dy_ 1 du bin rfsin x)~ cos x( 1 — cos x) 1— cos x 

du-iyu*' dx~~ M n*x = bin^ 


a j b0 j , 8 , , (I—tins x)' £ bin 2 *-{-1 — 2 cos s + cosV 

+ “ " + sin** " = bin*x 

2( I — cos x) 


Mti-x 


mirx 


dy dy du 1 du «in 2 x I— cos j 

dx du X dx 1-f u* dx~ 2(1 — cos x) X 

Second Method. \\ «* know i .at 

1 — COb X 2 bill 2 lx x 


bin X 2 bill Jx COH Jx 


lan 


, 1 — cos X _ , , X , 
j/ —tun 1 = tun 1 (tan _ ) 


■ dx *’ 

Ex. 2. il y — sin 1 ^ *%)’ J r • 

First Method. 

Let u — 'lx (I f A), t hen y = sin-'u 
dy 1 


and 


du Vl 
da 
dx 


u 


1. (I l-j»)-ar( 2g) = 2(l-x*) 

(!+**)* " (1+*V 

4 A (1-x*) 2 


(1 + *V (1+*V 

dy dy du 1 du 

' dx “du y dx " V J _ U 2 * dx 
I 4 r* 2(1 -x*) 2 

!+**• 


I-* 1 X (l + **i 


* * — 



^ > 
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Second Method. 

_ 2x 2 tsn 0 . 

put a;=tan@, then _ 2= -——= s,n2@. 

.'. t/=sin _1 (sin2@)=2£=2tan _1 x -y j -- a - 

N ote __The substitution is such that 2xl(l+z z ) 
becomes sine of some angle. 

/// 4.88. Formulae for Differentiation. The formulae 
/ derived in this chapter are collected in the following 
./tablefor reference. 

/ 1. -r*- (sin x)=cos x. 2. y- (cos x)=— sin x 
dx LI dx 

3. -f- (tanx)=sec 2 x. 4. ~~ (cot x)=—cosecTt. 
dx ox 



(sec x)=sec x tanx. 6. j- (cosecx)=—cosec x cct x 
dx dx 


7. -^-($in- 1 x)= 1 

dx 


8. -j—(cos _1 x) = 
yl—x* dx 

9 ~t (ta n “ ,x)= I+^ ' 10 dt (t ° r ‘ l) = 

H. d d x ( S ec' S )= 


1 


V 1 — X" 

1 

1 + x* 


12. , (cosec *x) 
dx 


1 


X \/ x 2 — 1 

Exercise X 


Find the derivative of each of the following 
functions with respect to the independent variable : 

1. (i) sin -1 3x. (ii) cos -1 (3x—1). (tit) tan -1 



(tv) sec -1 6* (t) ein _l \/x (vt) cosec -1 

2. (») cosec- 1 (sec .r). (it) (1+x 2 ) tan" 1 x. 

^ili) cos" 1 (tan x 2 ). (P.U.1961) 
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(* w ) tin 1 (-j—(y) x sec-'x. 

(”») y/ Bec--z\ (P. U. 1950) 

(vii) (tan- 1 2x) 3 (vixi) £ tan- 1 (J tan ^x). 4 ^ 

3• 0) x sin -1 x+Vl —x*« (»*) x cos -1 2 x—£>/ i_ 4 z 2 


v^(tu) ^Xv/« 2 -x 2 ' sin- 1 —. 

^ d* 

0*0 tan- 1 (sin x-f cos x). 

00 tan- 1 (sec x-f tan x). 

(y») x cos- 1 x/v/T—x 2 . 


4 . (t) tan- 1 /l^cosjr 


w: 


-f cos x ‘ 
cos x 


(»t) tan' 1 \ 

\l-f sin x r 


(P. U. 1953) 

(P. U. 1942) 
(P. U. 1951) 

(P. U. 1948) 


[Hint. cos x/(l-fsin x) = tan 

4 sin x 


/•••» . , /a-f 6 cos Xv 

0*0 8>n- x (,-f-) 

\6-f a cos x/’ 


(Jc li\ * an -l / l ‘ 8mi \ /••• , /l + 2 COSX\ 

(t) tan 1 ( —-- Y t»- cos- 1 (-f- -) 

\3-^5cosx/ ‘ \2 + cosx/ 

(P. U. 1950) 
(P. U. 1953) 

tan "(r^?) 


/• . ,/ a-f b sin x \ 

(tv) cos— 1 / -j— -) 

V 6-fa aiu x/ 

6. (t) sin- 1 (2x v'~l—**7- 

(m) sin- 1 (^)- 

0*0 tan- ^ - H . ^ 1 (P. U. 1949 

[Hint. Put x— sin 0 in (i) and a?=tan 0 in otherp.] 




7. (») If y= show that (l-x l ) ^ 

vl— x a dz 


-*y= i 

I 

(P. U. 1953) 
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(it) If y = ein (2 sin- 1 x), prove that 

= 2 I'-y 

dx n/ 1 — X“ ' 

8. If s is the arc from the x-axis to the poirt 
(x, y) on the circle x 7 -f y 2 = a 2 , show that 

, x ds a 

s=a cos-'— and --. 

a dx y 

X 

9. Show that the derivatives of tan- 1 — and 

a 


x _ ci 

tan- 1 — are the same. Explain why it is so. 
x+u 

10. Show that dy/dx =0, when 

(t) t/=sin- , x4-cos“ 1 x (ti) y = tan _1 x + tan- 1 —. 

(in) !/=sec- 1 f(*+l)/(*—1)] f &in-'[(z-l)l(x+\)]. 
Explain why it is so. 


dx 


11 . Point out the fallaoy in the following : 

^ (sin- 1 x)=-~~ (—cos- 1 x) sin- 1 x+ cos- 1 x = 0 

(i 

Putting x=l, we get or tv=0. 

12. Prove the formula x -v - =1 and use it to 

dx dy 


find the derivative of sin- ’x. 


(D. U.) 


13. Find 
i f i an- 1 x. 


geometrically the 


differential coefficient 

(D. U.) 


14 

Prove that (•) Fsin- 1 

ax 

(*i) 

d 

r . x l a 

dx 

tan- 1 — 1 =— a —. 

L u J 

(»») 

/I 

x -| a 

cosec- 1 — I — ——- 

dx l 

a J X\Z X 2 - 


x 


a 
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4'9. Derivatives of Higher Order. If v is a 

function of x then its differential coefficient is denot¬ 
ed by the symbol ^ which is also generally a func- 

(IX 

tion of x and can therefore b,e again differentiated ; its 
differential co-efficient, is denoted by the 

symbol ~~ and is the second differential co-efficient 
dx 2 


of y. 

are third, fourth...and 

nth derivatives of y ; the integers 3, 4, etc. denote the 
order of differentiation. 

The successive differential co-efficients of y are also 
denoted by y v y it y 3 . y n and if a function of x is den¬ 
oted by / (x) instead of y, its various derivatives are 
denoted by /'(x), /"(x).. / n (x). Another notation to 
denote the first, second, third...Differential Co-efficients 
of y is D y, D 2 y, D 3 y. 

Examples 

Ex. 1. If y=4x 3 —3x 2 -f6x-f 7, show that derivatives 
of the 4th and higher order all vanish. 

y x = 12x 2 -6x+6, y t =24x —6, y 3 =24, 

y 4 =0 and hence all derivatives of order 
higher than fourth vanish. 

Ex. 2. If y =A sin nx + B cos nx, show that 

+ n*t/=0 


d 2 y 

dx* 


Similarly 


d 3 y d x y 
dx 3 ’ dx* 


d'y 

dx u 


d y 

dx 


An cos nx —Bn sin nx=n(A costix—Bsin nx) 


^ y=n(—An sin nx—Bn cos nx) 
dx 2 

n a (A sin nx-fB cos nx)= — n l y 
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He ”° 8 0 +» V =0 

Ex. 3. Find the fourth derivative of 

/(*)«(*•-7)/i*+l). 

//vv 7 x*-H 8 

^=i+T c =i+ r - iTr -**- a :+l-8(z + l)-* 

/' (*)■= 2 x -1 - 8 ( - 1 ) (x -+1 )-2 
/' , (x) = 2 + 8(- 2) (a: + 1 )- 3 = 2 _i6(x + l)-3 

/"(*) - -16(-3)(*+1 )“*=48(x +1 )-* 

/«'(*) = 48(-4)(x+1)- 5 = - 19?(x f l)-« 

Ex. 4. If y=tan x, prove that ~--=2y Q aod 

d*v dX dx 

fat=~y (!+*/*) and find when x=0 

Hero y = tan x .(1) .\ yi =se C **=l+tan** ...(2) 

2 /j = 2 tan x eec*x=2 tan x (l-+tan*x).(3) 

From (1) and (3), we get, 

©r*u+»*>.. l(4) 

Also from (1), (2), and (3) we have 
( 1*11 

^- 2 =2 tan x(l+tan ? i)= 2 y jg .( 5 ) 

Again y 2 —2 tan x(l-f-tan 2 x) = 2 tan x-f-2 tan*x 

y 3 = - sec 2 x-+6 tan 2 x sec*x =2 sec a x(l + 3tan*x) 
= 2(1 + 4 tan 2 x+3 tan 4 x) = 2, when x=0. 

Exercise XI 

hJ'AVr *; sW that r(2)=/"(-2) but th.t 

J (w) and / ( — -) are not equal. 

-2. If !/=(l+x)/x, find y 3 when x= —1. 

3. Find J"(j) when /(x)=v2x~+ 1. 

4. find the second and fourth differential co-effi¬ 
cients of: 

ft) — -—. x* 

*+S' (,,) i-l- ! +* . 
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(t'c) cos 3x COS lx. (©) COS*X. 
(vii) x 4 sin a:. 


5. If y= 


find 


d *y 


VI-Xdi 3 


(vi) sin’x. 


(P. U. 1944) 


6. Find^when (.) 

(it) t/=sin x sin 3a:. 

7. Provo that : 

w if»*=^= -£ ■ 

[D.U., 

(*«) If xy=ax s -f&, x 2 ^=s2y. 

1 

(«w) If y= —(a cos mx + 6 sin mz), 

d 2 w 2 dy , , 

v-?+— ~ +m-y = 0. 
dx z x dx 

8. (i) If y^sin-'x)*, show that (1 —x 2 z^=2. 

(P. U. 1949) 

(ii) If xy = sin x, prove thatx^+2 ^+zy=0. 
(lit) Ifp 2 =a 2 cos 2 @-f£ 2 sin 2 #, prove that 

P+t (P- U. 1949. S.) 


d 2 j) _a 2 l> 2 

p+ ie*~ v- 


9 . (a)Ify=- +1 , 


show that 


... dy dx d 2 y d 2 z 

<*> -&■ ^ and <“> dV V 

ire both constant. Find the values of these constants. 
(6) Are (t) and (ii) constant for ail functions \ 

d 2 rj d'x 

(c) At what points does ? 
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10. If =a-{-bx+cx 2 , show that 
d 2 y . /dx \ 3 


dt 2 ' W«/ 


is constant. 


(D. U.) 


1. Find the limit of 


Revision Questions —I 

x° — a n 


a 


when x approaches a. 

/ , (R U ) 

v' 2. Explain clearly what you understand by a 

differential co-efficient. Find from first principles the 

differential co-efficient of tan x. (B. U.) 

3. Find from definition the differential co-efficients 


of: 


(a) (*) x l . (ii) ,/sin x. 

(b) (i) cosec x. (ii) cos 2 x. 

1 

\' x 

(Hi) tau x. 


<«> (0 


(<«) cos lx. 


(P. U. 1953) 

(n't) sin 3 * 

(P. U. 1935) 

(P. U. 1948) 

4 . Starting from the first principles obtain the 

differential co-elficient of —, where u and v are func- 

v 

tions of r. 

5. Differentiate :— 

\/ x 3 -t 1 + yV x*— 1 


(P. U. 1947) 


(0 


(m) 


\/ * 2 +i-V 

3 tan x —tan*x 
i-3 tan** 


(U) 


sec x-ftan x 
sec x — tun x 


[Hint—Simplify the fractions before differentiat¬ 
ing them.] 

6. Differentiate: — 

(a) (i) x 2 i ,+ y i x =a' (P. U. 1917) 

(11) COS-1 (tan _ r 2 ) (P y 195I ^ 
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(b) (») \/ s > n V l + z 2 ~ 

.. N ,, /6-fa cos ar» 

It) COS- 1 ) ( ~—T - ) 

\a + 6 cos x/ 

(C » « -a-v«W ' ( ’° n/' 

(m) ! + ! an 1 

' 1 —tan x 


(P. U. 1949 S.) 

1 —cos X 


4-cos x 


(P. u.) 


7. Differentiate with respect to x , 

*> o 

= l and verify the proposition 


dy du dt, ... , , . 

—= ^. ^by putting z=a cos f, y=b 6in t. 

(P.U.) 

8. Find from the definition ^ when y=° X ~ 

dx J cx+d 


Also prove that 2y x t/ 3 —3y a * 


(P. U.) 

9. If sin y=x sin (a + y), prove that — = — 

dx sin a 

(P. U.) 

10. If x 3 +y :> — 3axy=0, prove that : 


(t) 

%=0 

when x=a.\/ 2, 

*> 

• 

II 

(*■») 

o 

II 

•ts |“^J 

when x=a.*J 4, 

y=a.*/2 


(P. U.) 



CHAPTER V 


TANGENTS AND NORMALS 

51 The graph of a function. If two variables are 
eo related that the value of one depends on the value 
of the other, the nature of the relationship may be 
represented by a curve or graph. 

In drawing the graph of any function of x, 
say y=f (x), we give different values to the indepen¬ 
dent variable x and obtain the corresponding values 
of y. Regarding these values of x and y as abscis¬ 
sae and ordinates respectively, we plot as many 
points as desirable and then draw a smooth curvo 
through them. The curve so obtained is called the 
graph of the equation y—f(x) or the graph of the 
function f(x). 

From his knowledge of Trigonometry and Analy¬ 
tical Geometry, the student is already familiar 
with the nature of the graphs of functions such as 
t/ = pin x, y =tan x, y 2 = 4ax, z 2 /a 2 -fy 2 /b 2 = 1 and 

z i Ja-—y"/L 2 =l. 

5 2 Continuous and Discontinuous functions. A 

Junction y-f{x i is said to be continuous at x=a, 
ii a small change in the value of x produces only 
a corresponding small change in the value of y i.e., 
the value of f(x) does not take a sudden jump when 
the chance in x is infinitesimally small, so that when 
z—>a from either side of the point x=a, y-)f(a). In 
other words. 


/(*)=/(«) 


Lt 

x—>a 

This implies that: 

/i) The function f(x) is defined at x 


a. i.e. f(a) exists, 


(l) Lt f(x) 

x-*a ' 
finite limit as x 
of the point x=a. 


exists i.e. the function approaches a 
approaches the value a from either side 
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(c) The limit approached is equal to the value of the 

function at the point i.e. f(x)=f(a). 

If any of these conditions is not satisfied for x=a, 
the function is said to be discontinuous at that point. 

A function f(x) is said to be continuous between the 
value x=a and x=b when it is continuous at every point 
between x—a and x=b. 

A continuous function can be represented, by a 
continuous and uninterrupted curve. 

Examples 


X 


r 


y=X y= + \/** 

Ex. 1. y=x and y = + \/x 2 

Both the curves are continuous everywhere. 
For y=x, y has the same sign as that of x, 
positive when x is positive and negative when x is 
negative but for y= + v/x 2 , y is always positive, as 
x 1 is positive even when x is negative. 

Ex. 3. y-cos x. 
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“2? 


—' 7 T 


-1 

-0 


\Z 1T 
0 - 


The curve is continuous 
throughout and can be 
extended both sides without 
break or jump. 


oo 

0 

1 

• 

-*co 

• 

i 

1; 

3 

• 

->co 

• 


and is always positive. 

O 1 
V“ — 1 

Ex 4. y= - p 
x— 1 . 

For all values of 
x, xfl, y=x-\-l t and 
the graph is then a 
straight line as shown 
in the figure. But w'hen 
1 = 1 , and has no 
definite value, so that 
y is not defined at 
r=l and thus the 
curve is discontinuous 
at the point x— 1. 

Ex. 5. y= - 


a-V — ct — 1 —0 +0 \ ro 


y-$, —0 —1 —cel 4-ocll! 0 


The curve is conti¬ 
nuous throughout except 
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at the point £ = 0 where there is an infinite jump. As x 
approaches zero from the left hand side, y remains 
negative and becomes larger and larger in magnitude 
so that it tends to --x> but when y approaches zero 
from the right hand side, y is positive and again 
assumes larger and larger values so that it tends to 
4- oo as x->0. Thus the curve jumps for—oo to-f-oo 
and is discontinuous at the point x = 0. 

There is another reason why 1/x is not continuous 
at x=0. It does riot exist when x = 0. 



exist at that point 
and henc? it is dis¬ 
continuous at ar=0. 

y is always posi¬ 
tive, x ! being posi¬ 
tive for even nega¬ 
tive values of x. 

Ex. 7. y=% when 
x < 1 and y=x -f I 
when x> 1 



The function is defined 


by two equations and is 
continuous throguhout ex¬ 
cept at the point x=l. 

So long as x < 1 or =1, 
the function is defined by 
the relation y=x so that 
y— 1 when x— 1. But when 
x=*l-f h whore h is positive, 
the function is defined by 
the relation y=z -\-1 and 
thus y=(J-t-tl fl, so that 
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as 0 y-) 2. But however small h may be taken yf 2 
when x=l, for it is already defined to have the value 
1 when s=l, the point (1,1) being on the first part of 
the line. 

Ex. 8. Draw the graphs of the functions :— 

(») x z («) y/x (lit) sin x (tv) x 3 and show that 
they are continous functions. 

Ex. 9. Draw the graphs of :— 

(0 i- <;o ~i- <«o w w *•» *• 

(vi) sec x. 

At what points are these functions discontinuous ? 

5 3. Geometric Interpretation of the Derivative. 

Let APQB represent the 
graph of a continuous 
function y=J(x) and let 
P(s,y)and 

be two points on it. Draw 
LP, MQ perpendiculars 
on the X-axjs and 
PN_|_MQ, then 
y=LP, 

and 5y=MQ—LP 

= MQ—MN=NQ. 

|^=^=tan ZQI‘N=tan ZQRX, 

=tan a, slope of the secant PQ. 

Now let the point Q move along the curve to¬ 
wards the point P, so that secant-PQ rotates 'about P 
and 6x and §y become smaller and smaller. 

If Q' be a subsequent position of the point Q, then 
the slope of the secant PQ'=tan a'. Ultimately 

qX * • m *•« 

when and the point Q coincides with P, the 

secant PQ attains its limiting position PT, called the 
tangent to the curve at P and , * - . • 
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c.y 


dy 


-jr approaches the limit = tan the slope of 
©X* dx 

the tangent at P t.e., the tangent of the angle which the 
tangent line at 1* makes with the axis of x. 

But the slope the tangent line at P is called tho 
slope of the curve at P. 

Thus the derivative of a function at a point is the 
slope of the curve at that point. 

5*31 The sign of the Derivative. As the tangent 
of an acute angle 
is positive and 
that of an obtuse 
angle mgativc, 
tho value of 

4-- for a parti- 
dx 

cular point on a 
curve is positive 
or n e g a t i \ o 
according as tho 
tangent lino makes an acute angle (as at A in tho 
figure) or an obtuse angle (as at B) with the axis of x. 

When the tangent at any point of a curve is paral¬ 
lel to the axis of x, -! f - =0 at that point as at P in tho 

dc 

figure. 



For example, (») if y = x* i -: / ^2x which is zero at the 

origin where x-0. See Fig. oil P.22, tho axis of x 
itself is tangent to the curve at 0. 

(u) if y — cos x, j 1 ' = — sin x, which is zero at the 

points x=—r., x = 0, x=~ etc , as at point? A, B, C of 
tho figure Ex. 2, Art. 5'2. 
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Examples 


Ex. 1. Find the points on the curve y=x i —2z i 
where the tangent is parallel to the ar-axis. 


We have, y=x l — 2x 2 i 



=-he 3 - 4*=4.r(.c -1) [x -f1) 


This equated to zero gives z=0, x=l and x= — 1. 

The corresponding values of y are y= 0, y= -1 and 

—L 

Hence the tangents are parallal to the x-axis at 
points (0, 0), (l, -1) and (-1,-1). 

Ex. 2 At what point on the curve y=x ? —2x does 
the tangent make an angle of 45° with the z-axis ? 

Also find tho point where the tangent is (i) parallel 
(») perpendicular to the line y = 2x + 3. 


We have, 



The point where the tangent makes an anole of 45° 
with the x-axis, tho slope of the tangent = tan 45' = 1. 

2z—2=1 i.e., x = l. 

Substituting this in the equation of the curve, wc 
have 2 /=f— 2 X f=3—3=— 2, 

Thus the required point is (4, — J). 

In the second case, (*) the tangent is par all to the 
given line if its slope which is 2x— 2 is equal to tho si pe 
of the given line which is 2, 

2x— 2=2 or z=*2 and i.e., y— 4—4=0. 

Thus the point is (2, 0) 

(tt) The tangent shall be perpendicular to the given 
line if its slope = —i. 

2x— 2 = — ^ or x=l which gives y= ^ — 2 x * 

_ l;; 

— 1 o 

Hence the required point is (f, — J*). 
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Exercise XII 


1 Find die dope of the curve at the <jiven point : - 
— 1 ;it (~—la) [u f y-=s 1 -f- 2x at ( I, ; 


( ti l) y 


x - 1 


at (-\ 1) 


('■'•) !/= ,: at 


2 Find the dope of the curve y = x* and the noh,: 

''i , tl‘ e tftii«rent is (?) parallel (ii) neipendiculat to 
the line 

3. l «>r what- points on the curve y=2x :t — Or— 

tne tangent parallel to x-axis and at what points is u 
perpendicular to the line a:-f- 18y — 0 ? 

4. Find the angle at which the curve y= - r outs 

the axis of x. ^ ^ 

5. At what points of the curve y= T is »j, k . 

x — l 

tangent parallel to the x-axis ? 

Find the slope of the curve at t he point (J, — 
v^6. Find the co-ordinates of’the points where the 
tangents to the circle x 2 + y 2 =a- are parallel to tho 
x-axis and //-axis. 

Also find the points, where the tangent is parallel 

to the line x— X /'A y -}- 7 = 0. 

7. Find the point? where the tangents to the 
ellipse 4x*+Jty*«l arc (i) parallel (ii) perpendicular to 
. 2r/-f.r=U. 

8 Interpiet geometrically the fact that the dcri- 
vative of u constant is 
zero. y 

5 32. The sente of the 
tangent at a point on a 

curve is that in which x / - 

increases, as shown by / 

the arrow in the figure, \ 

and the angle 0 which it 
makes with the x-axis is 

measured in the itt^ti- 0 --- 

clockwise direction frohi ^ 

OX towards OY. 
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5 33. Geometrical meaning of^j*. Taking the direc¬ 
tion of the tangent as shown in the figure, the angle 
a,' which it makes with the r/-axis is measured in the 
clock-wise direction from OY towards OX. 

Now tan f=tan (90°-<£) = cot 

x 1 dx 

~~ dy dy 
dx 


Thus -- is the tangent of the angle which the tangent 

dy r 

line at any paint of a curve makes with the axis of y. 

Also since tan •/>'. tan cf>=\ 

dx dy , 

•* Uy X dx~~ * 

a well known result interpreted geometrically. • 

pv Prove that .^=1 and give a geometrical 
E - x ‘ dx dy 


interpretation of each of the differential coefficients 
occurring in the left-hand side of that iclation. (B.U.) 

5 4. Equations of Tangent and Normal. As ex¬ 
plained in Art. 5-3, the slope m of the tangent to a 
curve y—f(x) at a point P (x’,y') is tho same as tber 
slope of the curve at that point aqd is equal to the 

value of g °r/» for that P oint > 80 thzt 



where 



or/' (*') stands for the value of the 


deriva¬ 


tive of tho curve for tho point (s', y'). 

Now as the tancont to a curve at a point P(x', y') 
on a curve is tho lino which passes J.hrough P and 
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which has the same slope as the curve at P, therefore, 
its equation must ho of tho iorm 


or 


y -y'=m(x—x) 

y-y-% <*-*’> 


d) 


or y-y'=f\ x '){*- x ')- 

The Normal at P(x', y') is a straight line which 
passes through P and is perpendicular to the tangent 
at P. 

The normal being perpendicular to the tangent, 
Us slope is negative reciprocal of the elope of the tangent. 

„ dy' 

• • the slope of tho tangent at P is m = 

1 dx' 

the slope of tho normal at P is——- = — • 


■(*) 


Hence tho equation of the normal is 

y-y'=-% ^ 

, or x ~ x '+ 4 ~>(y~y')~° 

Examples 

Ex. 1 . Find the equations of the tangents and 
normals to the circle x 2 -\-y 2 = 25 at the points (x , y') 

and \Vo’have, **+j, ! -25 .(1) 


u./y,— -- = -*• at 
dx y y 

•' the equation of the tangent at {x',y’) is 

y-y' =z-~\x-x') or yy' +xz'=~ 2 + y' 2 
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Since ( 'x',y ') is on the circle (1), z^d-t/' 2 —2o> 

the equation of the tangent is, therefore, reduced 
the form 

xx’+yy'=25 


to 

( 2 ) 


At the point (4, 3) it becomes 

4*4-%= 25. 

The normal at (x\ y'), being perpendicular to the 
tangent, has the slope i//x\ and therefore, its equation 

is y-y' = (*-*') orx'y^xy’ .(3) 

cc 


At the point (4, 3), it becomes 4y=3x 
Ex. 2. Find the equation of the tangent and 
normal to the ellipse a: 2 + 2 if = 19 at the point (1, 3). 

We have, x°-+2tf = 19 and 2x+4y ~=0, 


/. the slope of the 


. dy 

curve is v = — 
dx 



1 


at 


(1, 3). 

/. the equation of the tangent at. Cl, 3) is 

7/ — 3 = — r. (*— 0 orx4-6y=19. 

The slope of the normal at (l, 3) is 6 and there¬ 
fore its equation is y —3 = 6 (x— 1) or 6x—y=3. 

5 41 In the above exnmples we have taken curves 
of the second degree in x and y which are usually 
dealt with in Co-ordinate Geometry. But the calcu¬ 
lus method has the distinct advantage of being 
simpler anti more general. We now illustrate this 
by takicg a few examples of other curves. 

Ex. 1. Find the equation of the tangent and 
normal to the curve y — x^—2x at the point (1,-1). 

Find also the equation ot the tangent at the 
point where the tangent at (l, —1) intersects the 
curve again. 


We have, 
and 


y=. r 3 —2x 

d 'J_ o r2 _0 
dx~ oX " 



• • • 
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m, the slope of the tangent at (1,-1) 

=gat (1»—1) = 3—2=1 

and the slope of the norma 1 = — — = —!. 

1 in 

the equation of the tangent at (1,-1) is 
y+l = l (x —1) or y=x—2 . (3) 

and the equation of the normal at (1,-1) is 
y-\-l = — 1 (•*-!) or t/+.r=0 . (4) 

Now the abscissae of the points where the tan¬ 
gent y = x — 2 intersects the curve y=x : ' — 2x are given 
by theequation 

x -2 = z*-2x or a. 3 —3.r-}-2 = 0 or (x- l) 2 (:c-f 2)=0 

/. either x= 1 which gives the given point (1,-1). 
or x = — 2 which gives the point (—2, —4). 
For x = — 2, the slopo=10 [ by (2)]. 
the equation of the tanirent at (-2,-4) is 
y4-4= 10 (.r-h2) or lOx— y-flb = 0. 

Ex. 2. Find the equations of the tangent and 
normal to the curve y=sii\x at the point where 
x=7.l 3. 

Wo have, y=sinx, =cos x = h for x=~ 

ax ~ o' 

By the equation of the curve, wo have y=y/Z/2 
when r = 7r/3. 

the equation of the tangent is 

or 2y-*= v '3-s/3. 

slope of the normal at x = -/3 is —2, 
the equation of the normal is 

-i') or 2y+4x = \/S j~4ir/3 

Ex. 3. Find the equations of the tangent and 
normul to the curve y x 2 /(x— 1) at the point whose 
abscissa is 3. 

When x=2, y = ", the point, is (3, S). 
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dy _ 2x (*-l) = s for x = 3, 

dx “ (x— l)^ * 

the equation of the tangent at the paint 
(3, 2) is y-1 = J (*—3) or 4t/=3s-i-9. 

The slope of the normal = -£ and its equation is 

(x-3) or 8 x+6j/=51. 

Exercise XIII 

1. Find the equations of the tangent and normal 
to each of the following curves at the point indicated . 

(i) x 2 -\-y-=5 ; (1,-2) (ii) »/ a =-2x ; (--2 2) 

(it.) * 2 -t/ 2 = 16 : (5, 3) (if) 9x 2 -f- l6?/ a =2'>; (M) 

(f) xj/ = — 6 ; (2,-3) (rt) y 3 =z a ; (-1. 1) 

(fit) 8y=x 3 —12x-f 16 ; (0, 2) 

(nit) y = 2x 3 + 3.r 2 -I ; (-1, 0)- 
(tx) 4x 2 + 9 ?/ 2 -f-18?/— 16=0 ; (2,0) 
y (x) t/ = 4 sin 2x at x = £~. O 

2. Find the equation of the tangent to 6y=x-(x —1) 
at the point where x— — 1. Find also the equation of 
the tangent where this tangent meets the curve again. 

3. Find the equation of the line which is 
(si^tangent to y- = 2t and parallel to y = x ; 

(ii) tangent to x 2 + i/^± and perpendicular to 

x — y-\- 1 = 0; 

(Hi) tangent to t/=2x 3 -6x 2 -2x+ 1 and parallel 
to 2z+y = V2 ; 

(tv) tangent to y= | ) an( ^ P ara ^ 6 ^ 

2y-! r ‘3x = 0 

4. Find the equations of the normals to the curve 
2x 2 — 3x-f-2?/ 2 —xf/ — U at the point where z = l. 

J r (P. U. 1946) 

5. Find the equations of die. tangent and normal 
to the following curves at the given point : 

to ,-^+ 5) ; (i. -e) («) : (l> 2) 
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/••a ttX 

(»**) y = &— ' 


* , a 

for y= — 
a* J 4 


6. Find the equations of the tangents to the 
curves given in Q. 1 at the point (x , y )• 

(T) Find the equations of the tangents to the curve 
y=Tx-x 2 at ( 0 , 0 ), ( 2 , 0 ) and show that they meet on 

the line x= 1 . 

8 . Find the equations of the tangents parallel to 
the co-ordinate axes for the curve x 2 — 2xy-{-3y 2 = :52. 

v>9. Find the equations of the tangents at the two 

points on the curve x 2 y- = x b +Sy at which x = 2. 

5 42. Tangent for Parametric Equations of a curve. 

Let the equation of a curve be given in the lorm 

x=M; J. 

where x and y are expfessfid fn terms of a third 

variuble called a parameter. 

\ 

dy dy (far 

In this case, since = X -jp 

dy dy I dx •P'O) 


we have, 


dx dt 1 dt AO* 


and the equation of the tangent is 

FxamDle Find the equations of the tangent and 
normal to the ellipse x=a cos 0 , t/= 6 _sinj at the 

point 0 = 0 j. 

Here si '— 08i ?. e ' % =b cos e - 

• du b cos 0 6 cos 0 j 

Slope of the tangent= ( -^= J^^'e=asi n'0! 

at 0=0 


/. the equation of the tangent is 

- * b cos 0. 

y- b Bin 01 =--—(*-« cos 0 .) 
or bx ccs 0 , + ay «in 0 1 =a 6 icob 2 0 , + ain 2 0 ,) 
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or bx cos ©j-f -ay sin 9 x =ab 
The slope of the normal is a sin QJb cos 0 Z 
the equation of the normal is 


, . a sin Q. 

y-b sin (*-« cos 6 lt . 

Multiplying by b cosec 9 1 and tranpo^ing, we get 
ax sec 9 l — by cosec 9 l =a i — 6 2 . 

® Tangent at the origin. The equation of a 
straight line through the origin, other than the axis 
ot y, is of the form >, = mx, so that we substitute mx , 
tor y , n the equalion 0 f the curve and find the value 
ol m in the limit wnen x and y both tend to zero. 

Ex. 1. l’ind the equation of the tangent at the 
origin to 2y = :!x-f-4x 2 -f o>/ 2 . 

Putting y = w r, we get 

4.r 3 -|-5w 2 x- or 2m=:i-{-4x 2 -|-om 2 .r 


Now when .r->0, 2»i = 3, 

• the equation of the required tangent is 
y = ?.x or 2y=2x. 

Ill is shows that the equation of the tangent at the origin 
ran be written down by suppressing the term* of degree 
nig.ier than the first in the equation of the curve. 

hofe. In this ei.se the equation of the tangent can 

also bo obtained by the usual method of finding the 

value of dy/dx for the origin. 

Ex. 2. Find the equations of the tangents at the 
origin to the curve 


r-* 2 =* 3 -Ft / 3 
Putting y—tnx, we got. 

wi \r - — x- = x 2 -f- m 3 x 3 o r 

Now as .(•->(>, m 2 — 1 — 0 or 

• . the equations of the tange 

y— .1* and y -— 


>n- — I =x -j- m 2 x 

m = ±l. 

nts are 
x. 



Thus wo find tint the linear factor} 
the lowest, degree equated to zero give the 
tangents at the origin. 


of the terms of 
equations oj the 
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Note. Differentiating equation ( i ) with respect to 
x, we have 


f#-*r-fa» + 8^ ** 

dx J dt 


■ d'J _ 4- 3.r 2 

■ ■ d>r~ 2 u-s,/ 


which assumes the meaningless form £ for the origin 
T =0, ?/=0. The present method is helpful in this 
case. 


, 5 44. Intercept of a tangent on the co-ordinate axes 

are obtained by solving the equation of the tangent. 

, dy' 

y-y -dj-'i*-*') 

...( 1 ) 

with the axes y =0 
and x=0 

By putting y — 0 in 
(1), mo get 

► ~ y,= % (X - X>) 

This gives OA=x=x'—y' < ^, . ...(2) 

dy 

Again by putting x=U in (1), we have 

OB=y=y'-x'|j~, ...(3) 

Now since AB 2 =OA 2 wo can find AB, the 
length of the. portion ol the tangent intercepted between the 
co-ordinate axes. 

5*441. The length of the perpendicular from the 
origin to the tangent to a curve at any point can be 
written down by the usual method for the perpendi¬ 
cular from a given point to u given straight line. 

In this general ease the length of the perpendicular 
from the origin (o, o) to the tangent (l) is given by 
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Note- In numerical calculations it will be easier to 
obtain the results directly from the equation of the 
tangent and results (2), ( 0 and (4) need not, therefore, 
be remembered as formulae 

Example. Find the equation of the tangent at 
any point ( x , y) of the parabola. 

iii 

z* +y*=a*. 

Obtain the length of the portion of the tangent 
intercepted by the co-ordinate axe3 and the length of 
the perpendicular from the origin to the tangent. 

Prove also that the sum of the intercepts on the 
co-ordinate axes is constant, 

i t l 

wo have, x~ -fy “=a ' 


and 


2 * '+hV 




We take (X, Y) to be the co-ordinates of any point 
on the tangent to distinguish it from ( x, y) any point 
on the curve. 

Thus the equation of tangent is 

Y-y=-MX-r> 

ar 

o r x - Y -f y - X = x Kj +y-x =- (*- + y-) 

4 4 4 

= x~ y- a- 

Putting Y=0 in (2), we get 

4 4 

X=intercept on the x.axi8=x‘ J a , 

Putting X =0 in (2), we get 

Y —intercept on the y-axis=y" 


[by (l) ] ...(2) 


...(3) 


...(4) 
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/.the sum of the intercepts on co-ordinate axes 
X-f-Y=a"^ 3 " + y* ) =«' xa s —a, a constant. 

Portion of the tangent intercepted between the 

co-ordinate axes = y/X-+Y’=ra-{-ya=a(x-\-y). 

Length of ‘he perpendicular for (0,0) to the tangent 

111 - 

x -»/*<!-_ i ax y 

* 2) “V*+jy rJ x +y 

Exercise XIV 

1 Find the equations of the taneent^ and normal 
at the point t to the curve given by at j g52) 

2. Find the equation of the tangent at the point t 
on the curve x = al~, y=al 3 . 

3 Find the equation of the tangent to the curve 

x-t 2 , y=l 2 -2t, at t = \. 

4 . Find the equation of the tangent at the point 
t to the curve 

x=l—t, 

*^Also find the equations of the tangent at the origin 
and the tangent parallel to the axis ut x. 

\^5. Find the equation of the normal at 0 to the 

curvc * =ac 03 e, 6 sine. (P. U. 1952 S.) 

Find the equation of the tangent and normal 
at the point determined by 0 on the cycloid 

x=a tf+ k \ n 0), j/=a(l —cos 0) (F. U. 1949 S.) 

y-l Show that the equation of the tangent at the 

t _ < 2 . 

point t to the curvo ^ 7 . 13 

(l+^y-2^4 < 2 = 0 . 

D Find the length*. of the perpendiculars from 

(0 0 ) and ( 0 , 0 ) to the tangent at any point of 
v * ' x=l 3 , y=2t. 
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/ 9 - .Wfite down the equations of the tangents at 

the origin to the curves : 

,.<*) V=~^ ;{ ' 2 +4* 3 (it) **«3y+*« 

(m) //*—a:( 1 -far 2 ; (u?) (z-y*=x-? jV 

I f l . t | +*) (»*) * 3 +y 3 ss3<iry 

/ (m) 2,- = 4x- + r» (i’iu) a^yfc+g).’ 

10. Why is it impossible to write down the equa- 
| tion oi the tangent at ihe origin to 

(•) V = 3-f -t-a 2 («) z *+y*=x*+y3 ? 

11. Show that the sum of the intercepts of the 
tangent at any point to the curve ^x+\ y=Ja on 

the axes is constant. (p y 1952 ) 

12. Find the length of the perpendicular from the 

ongm on the tangent at any point (*, y) of the curve 
* -ty —c. (p. u.) 

2 13* Find the abscissa of the point on the curve 

the nor raal at which cuts equal intercepts 
trom the co-ordinate axes. (p u. 195 ^ 

14. Find the equation of the tangent to curve 

2 2 2 
**+!/*=«* 

and show that the portion of the tangent intercepted 
between the axes of co-ordinates is constant. 

(P. U. 1950) 

Also find the length of the perpendicular from the 
origin on the tangent and the area of the triangle 
formed by the tangent and the co-ordinate axes. 

15. b ind the equations of the tangent and normal 
at the point / on the curve x=a cos 3 /, y = a sin 3 /. 

Prove that the portion of the tangent intercepted 
between the axes is of constant length a. 

(P. U. i 048) 

[Note that the curves of Q. 14 and 15 are the tame.] 

5-5. Angle of intersection of two curves :-?)>» two 
curves intersect, Mie angle between them at a com,non point 

is the same as he angle between the tangents drawn to ihe 
two curves at that point. 
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It m, in' bo the slopes of the tangents to Hi 
two curves at a point of intersection and if 0 be the 
angle, between them, then 


tan 0 = 


m—m' 

J -f- rnni' 


the angle 0 being acute or obtuse according as the 
right-hand side is positive or negative. 

The acute angle between the tangents is taken to 
be the angle of intersection of the two curves. 

When mm'= —1, 0=90° and the curves cut each 
other at right angles and are said to be orthogonal. 

Examples 

Ex. 1 . Find the angle between the curves 
x t - r y 2 =b and y 2 =4x at their point of intersection in 
the first quadrant. 

The abscissae of the points of intersection of t ho 
given curves are given by 

x' i + 4j=u or (a;-l-5)(x—1)=0 the. x=\ or-5, 
their point of intersection in the first quadrant 

i»d, 2) 


Differentiating the given equations, wo have 


>4 - 


r. m'= d ' J = 1 at (1,2) 
ax y 


*»y 


Hence 0, the angle of intersection at (1, 2) is given 


m - m 
tan 0 = — 


=! + 4=3 


i-finm 1 —i 
/. e = tan- 1 3 = 71° 34'. 

Ex. 2. Find the condition that the curves 
ai 2 -\-by* = l and a'x 2 + b'y 2 =\ 
may cut orthogonally (P u.) 

Let (*', y') be a point of intersection of the two 
curves. 
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Differentiating the first equation, wo have 

2ax + 2 *9%-° i - e " d £‘‘-Sjj- 

So that m, the 6lope of the first curve 

ax' 


at the point (x' t y')= — 


by' 


Similarly ro', the slope of the second curve at the 
same point = 


a'x' 


b'y ' 


The two curves are orthogonal if 


..'2 


y 


'2 


••(I) 


But (x' t y') lies o\ both the curves, 
ax' 2 +by' 2 = l and aV a -f &'y'-=l 
By substruction, we get 


(.-aV+(6-W=0, i.e., ^=- b -£ 


V 


From (1), wo get 

«'/(/;—&') . a—a' 
“ ~~bb\a-u')' ie ‘ ~aaT 

.... 1 I l l 1 1 

which gives -= — ror-—, 

° a a b b a b 


b-b' 

bb' 

1 _1 
a' b'‘ 


Exercise XV 

1. Find the angles of intersection of each of the 


following pairs of curves. 


(•) 

(it) 

X'+^ — lx^Q, y-=4x. 

y-= x > z-=y 

3 1 
y=**>y= v 

(P. U. 1949) 

(«■«) 


(iv) 

y=x\ 6 y = 7 — x 2 

(P. U. 1952) 

ir) 

(vi) 

y=sin - x, y — sin x. 
y-=Zax, y-—a- — x- 

(D. U.) 
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2. Show the following pairs of curves cut each 
other orthagonally :— 

(i) x 2 —y 2 =a 2 , xy=c 2 . (it) x 2 —y 2 =5, 4i 2 4-9y 2 =72 
(in) x 3 —‘Jxy 2 =a 3 , 3x 2 y—y 3 s?b 3 

3. Find the angle of intersection of the curves. 

x 2 -y 2 =a 2 and x 2 +y 2 =a 2 y/z~ (P. U.) 

4. Find the angle at which the curve t/=—-— 

i+x 

cute the axis of a;. (P. U.) 

5. Prove that the tangents to the curves, y 2 =iz 3 
and x 2 +y 2 =5 at their point of intersection lying in 
the first quadrant are inclined to one another at an 
angle tan -1 7. 

6. Find the condition that the conics 

lx 2 -\-my*=l and l'x 2 -\- m'y 2 =\ 
may cut orthogonally. (P. U. 1952) 

5*8. Length of the tangent normal) sub-tangent, 

and subnormal. 

Let P (x y y) be 
any point on the 
curve y=f (x). The 
taDgent und normal 
at P intersect the 
X-axis in T and G 
and NP=y is the 
ordinate of the 
point P. 

Let the tangent PT 
make with the X-axis an angle#, then ^NGP=^PTN=# # 

and tan @=—"f— . 

ax 

From the triangles PNT and PNG, wo have 
(t) Length of the tangent=PT=y coscc 0. 



=!/V 1-t-cot 2 0 


J/v/ J -f-tan 2 0 
tan 0 
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(n) Length of the normal— PG=?/ sec. 0 . 


=yVM-tan»f0 s = y fs / l + (^)*. 


(i«) 


Length of the sub-tangent=NT=y cot 9.. 

_ y J t y 

• tan @ * 

dx 

(it) Length of the sub-normal =NG=y tan Q=y~~ 

Examples ' * 

Ex. 1. Find the lengths of the sub-normal, sub- 
tangent, normal and tangent of the curve y=oz*— 2aj-j-l 
at the point where the curve cuts the axis of y. 

Putting a-=0 in the equation of the curve, we get 
y=l, so that the curve cuts the axis of y at the point 
( 0 , 1 ). .• . . ■ 

Now m— - d JL= 15x*-2= -2 at (0, 1) 

the length of.the sub-normal=t/^- =yxm 

= 1 k(-2)=2 in magnitude 
The length of the subtangent=y,7» = — in magn. > 

The length of the normal=yv / i + m 2 =l>/l-r4 = V / .4 


The length of the tangent = 


_ yV I -HnS __ H/ I -1-4 


V 


m —2 


in mngn 




Ex. 2. Show that the sub-normal at any -porn t of the 
parabola y 2 =4az is of constant length. (P. U. l9."»0) 

i » da . . do 2a 

We have, y-=4ax and 2y— =4o *. e. — — 

the length of the sub-normal at any point ( x t y) 
t^y ^-—yx -~ = 2a, a constant equal to tho length 
of the semi-latus rectum of the parabola. 
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*■ Ex. 3. Find the lengths of the sub-tangent, sub¬ 
normal, tangent, normal and'perpendicular from the 
origin on the taDgent at the point (6, 6) for the curve 


y z== 


26-x”* 


,Differentiating the equation of the curve with res¬ 
pect to a;, we have 

2 dy _ 3s«(26-s)-s»(- 1)^66 x2-23* 


(2 b-xf 


(2o—x)* 


% = ftt the point (b, b) 

, dx ' y\2b— X) r 

Length of the sub-tangent=t/-^-^= ^ 

ax 2 

Length of the sub-normal=t/x ~~-—2b 

ax 

Length of the tangent 1+^0”4 

<= V>+4 ~2=~^b. 

Length of the normal=y^y i_j=6v / T+T' 


=V56. 


The equation of the tangent at (6, 6) is 

y~ b=, ^i x - h )= 2 (*-&) 


t. e., 


y—2x-f 6=0 


The length of the perpendicular from the origin 

. ... . . 0—0-f6 6 

to this tangent=— =-—:— = ——- 

V l-t-4 \/6 
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Exercise XVI 

1. Find the length of the sub-tangent and sub* 
normal at the point (1, 9) of the curve y=4x 2 -\- 2x-f3. 

2- Find the length of the tangent and normal at 
the point (1, 4) on 4 y=x-\-x 2 , intercepted between the 
point and the axis of x. (D. U.) 

3. Find the lengths of the tangent, sub-tangent, 
normal and sub-normal for the curve y=3x-{-x~ at the 
point (1,4). 

4. Find the points on the curve y=x a —5x-f-6 at 
which the sub-tangent and the sub-normal are of 
equal length. 

5. Find the lengths of the sub-tangent and sub¬ 
normal at $=\tt to the curve x=a cos (f>, y=b sin <p. 

(P. U. 1944) 

6. Find the lengths of the tangent and normal at 
the point Q of the curve x=a cos 3 0, y=a sin 3 ©. 

7. Find the lengths of the sub-tangent and sub¬ 
normal at the point t on the cycloid. 

x=a (£+sin t), y=a( 1 —cos t) 

8. What should be the value of n in the equation 
to the curve a n_1 y=x a in order that the sub-normal 
may be of constant length. 

9. In the curve a m+ “=a m - n . y* a , prove that the 
mth power of the sub-tangent varies as the nth power 
of the sub-normal. 

10. Through what points of the ellipse- —-p—— =1 

to y 

must a tangont and a normal be drawn iu order that 
they may form with the axis of x as base an isosceles 
triangle ? {D.U.) 

Also prove that the length of tho normal varies 
inversely as tho perpendicular from the origin on the 
tangent. 

11. Show that in the case of the curve Py z =(x+a) 3 , 

the bquare of the sub-tangent varies as the sub-nor- 
ma ^ (Aligarh) 
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12. Show that for a parabola, the ratio of the 
eub-tangont to the sub-normal varies as the abscissa.' 

13. Show that for any cartesian curve, the ratio of 
the normal to the tangent is equal to the gradient of 
the curve. 

14. Prove that in any curve 

Sub-no imal / Normal \ *. 

Sub-tangeut“\Tangent / 

15. Prove that the perpendicular drawn from the 

foot of the ordinate to the tangent of a curve is 
ylVi-\-{dyidx) 2 (P.U. 1950) 

Revision Questions II 

1. Obtain the equation of the tangent at a point 
to the curves. 

(1) </=/(*); (2) *=/«); y=m (P.u. i946) 

2. Obtain the equation of the tangent to the 
curve y=5x*—2x+3 at the point (1,6) and determine 
the angle at which the curve cuts the y-axis (P.U) 

3. Show that the equation of tangent to the curve 
2ay 2 =x-{x-\-a) at (2a, 2a) ie 3y=4z—2a. 

Determine the point where it meets the curve 
again and show that it is the normal at that point. 

(P.U. 1940) 

4. Show that the part of the tangent to the hy¬ 
perbola xy=a 2 included between the co-ordinate axes 
is bisected at the point of contact. 

5. Find the values of a, b and c so that the curvo 
y-=ax 2 -\-bx-{-c may pass through the point ( — 1, 4) 
and may touch the line a:-f2y = 4 at (—2,3) 

6. Two curves ry=constant and yx 2 =constant 
pas-* through the point P(3,4). Find the angle at 
which they intersect. 

Find also the length intercepted on the axis of x 
between the two normals drawn to the curves at P. 

(P.U.) 
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7. Find the equation of the tangent to the curve 
10, y = 74-/ 3 at the point where /=! ; show that 
this tangent cuts the curve again at the point where 

t - - M 


8 . Show that the curves y* = x and y*=x :i intersect' 

at an angle tan-* * at their point of intersection other 
than the origin. 

9. Show that the tangent at the point ( 2 , 1 ) on the 

cur\e x 3 -i-7/ 3 ='.» cuts the same curve again at the point 

(V > ->—V-)- What angle does this tangent make with 
the curve at the second point ? 


10. Show that the normal to the curve «2 = 4 r anf j 
the tangent to the curve. 4 ^ = ?/ 3 ftt ,,, e nt of 

intcrseei ion of the curves are inclined to one another 

at an angle tan -1 8. 


11. Show that the angle of intersection of the 
curves y-— fa.r and ay-= 4jS is tan -1 J. 

Al^o it POj, PG, bo the normals to the two curves at 
a common point of intersection (other than the origin)' 
meeting the s-uxis in G x and G, t then 

12 Find the equation of the tangent at (2 °) to 

tl. 0 curve |) and determine the point r.t 

which it inters -cts the curve. (F U 1 

1 tl)0 equations of the tangent and tlie 

normal to the ellipse 9vH-% 2 =225 at the point 

\2* 2 / (P.U. 1953) 


14. Prove that -^ + -^-=2 touches the curve 
/ x \n / n \n 

\ a ) +Vb-/ =2afc the P oinfc (M) for all values 

Of 17 . 

15. Find the normal to the curve ^xy=a- f-* 
which m a lies equal intercepts on the oo-ordinate axes’ 

(P. U. 1942) 


CHAPTER VI 

DERIVATIVE AS RATE OF CHANGE 

“All things arc in a state of change nothing remains unaltered 
for an instant. It is a moving, changing universe with which we 
have to do." 

6*1. The idea of rate of change occurs constantly 
in everyday experience. We h ive seen that changes 
in one variable are related to the changes in other 
varibles. The Differential calculus is the study of 
relationship between the rates of change of related 
Variables. s 

611. Application of derivative to rectilinear motion. 

When a body moves along a straight line, the distance 
travelled changes with the tune. Whenever a relation 
between s the distance travelled and t the time taken 
is known, the distance travelled during any time can 
be obtained by the substitution of the proper value 
off; for example if s=l6l s , 8=2:16 ft. when'<=4 sec. 
and «=144 ft. when 1=3 eec , so that the distance 
travelled in the 4th second is 256 — 144 = 112 ft. 

4 

6'2. Uniform and Variable Velocity. 

The distance travelled is not the only thing which 
we wish to enquire about a body in motion. The 
other important things about it are :— 

(i) The rate of change of distance, t.e., its speed at 
any time, and 

(«) Whether that speed is uniform or variable and 
if variable, the rate ol change of velocity, or ucctlerution, 
of the body. 

If a railway train, for example, in going from one 
station to another, travels a distance of 80 miles in 
four hours, it is said to bo moving with a speed of 20 
miles per hour on the average. Had the train been 
moving uniformly throughout its motion, 20 miles per 
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hour would have been its velocity at any time during 
its motion. ° 


But we know that before it lefc the first station, it 
was stationary and then it* velocity increased gradu¬ 
ally^ the train moved with some acceleration in the 
beginning. After that we may suppose the train to 
have moved with a constant velocity for some time 
and then, before stopping at the next station, it must 
have decreased its velocity, in other words, it must 
have moved with some retardation. 


Under these circumstances we may say that twenty 
miles an hour is the average velocity of the train and 

about its actual velocity at any particular instant no¬ 
thing can be said definitely. 


We now proceed to show how with the aid of 

Oaloulus a definite meaning can be gvien to the 

velocity at a particular lime t, when the velocity 5s 
variable. J 


6.21. Measure of the variable velocity 

_ S i & S ___ Suppose a 

0 P Q X bo6y be gins to 

point 0 along the straight line OX and let it come in 
the position P after describing a distance 8 in time t. 

Let it further move a little distance gs, in a little 

time and come in the position Q.-~ is then the aver- 

age velocity of the body during the interval §*. As %t 
and consequently becomes smaller and smaller, the 
point Q curnes nearer and nearer to the point P and 
$8 

-g- must more and more approximate to the value of 
the velocity at point P. 


Hence the velocity at P at the instant t= 


Lt £$ 
2l ->o it 
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Thus the derivative of s with respect to t is the measure 
of the velocity at the time t. 

d s 

Note (i) the velocity at any time, is the rate of 

change of the distance s with respect to time t. 
dx df/ 

Similarly — and^-are rates of change of x and y with 


respect to /. 

The phrase “rate of change'* is used most often in 
reference to time, and the words “with respect to 
are often omitted. 

(ii) We know that X , 

fit dx di 


i.e., rate of change of y=^~x[ rate of change ofx). 
(m) As~^is the rate of change of y with respect to t, 
similarly may be regarded as the rate cf change of 


y with respect to x, and it is possible to consMer the 
rate of change of y relative to x without auy reference 
to time. 


6'3. Measure of Acceleration. 


We have seen that tho rate of change of distance 
at a particular instant is the velocity at that instant. 
Similarly the rate of change of velocity (when velocity 
is not uniform) with respect to time is culled the accel¬ 
eration which is generally denoted by /. 

Letv be the velocity at any instant t, of a body 
moving with variable velocity, and Sv, the change of 

Sv 

velocity in a small interval of time Si, then-*- is tho 

St 

average rate of change of velocity in time St. 

Making St very small, we get rate of change of velo¬ 
city at tho instant t y i.e., tho acceleration at the instant 
t _ Lt &v_dv 

~ St-* o ST dt * 
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But (**\ 

dt‘ dt dt\dt/' dt*' 


dv d /ds 


d“8 



Thus t acceleration of the body is either the first .deri¬ 
vative of the velocity or the second derivative of the distance 
with respect to time. , • 


/* ; Examples > 

Ex. !. The distance-time formula of a body moving 
in a straight line is , 

s=lt z — 3< 2 —14* \ .( 1 ) 

(•9 being in feet and t in seconds) and the motion starts 
when *=0. Find the velocity after time t and th 9 
time after which the body is instantaneously at rest. 

Find also the velocity and acceleration after 8 seo. 

. : The velocity v at any time t is given by 

when t = 8, . v =—30 ft. per sec. • 

The time when the body is at rest is given by 
0=|J2—or 2)=0 

' which gives *=14 sec*. 

The negative value of t 3 given by *-f 2=0 is rejected. 

Now the acceleration / at any time t is given by 


/= ! ?or ^ =s ' 2 ‘)- 6=( -° 


When *=S, /=S—6=2 ft. per sec. per seo. 


% 

Ex. 2. The radius a: of a cylinder is increasing 
at the rate of 2 ft. per sec. and its altitude y is decreas¬ 
ing at the rata of 3 ft. par sec. Find the rate of 
change of its volume when x=3 ft. and y =5 ft. , 

Let V cu. ft. be the volume of the cylinder. 

... Then ' ; . : V=nx*y, 

and the rate of change of the volume is given by. 



i 
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» 


By hypothesis* ^ = 2 and ^=-3 


\ • 

, The sifjn is negative in the second case as the 
altitude y is given to be decreasing. 

t -v dy 

V . . . 

This gives the rate of increase of the volume iu 
general terms. 

In the particular case when z=3, y= 5, we have ' 

dV ' 

' ' - d r^ 4rl5 - 3 “? = *( 60 - 27 )=33,r 

Ex. 3 A ladder 20ft. long loans against a wall 
while its base is drawn away from ' y 
the wall at the rate of 2ft./sec. ‘ 

How fast js the top of the ladder 
* descending when its height above 
the floor is 10 ft. 

Let •x bo the distance of the 
lower end of the ladder from the 
wall and let y bo the height of the 
upper end from the floor, then 



A X 


n I 

* » 


z 2 -{-^ 2 =(20) 2 =400 


( 1 ) 


Differentiating with respect to the time t, we have 


o dv , n Wv ~ 
2x f 2y —=0 

di J (it 


e. d M = ^ (2) 

y dt v ' 


dt 


v Now when y=l6, x = l2 from equation (1). 

f * _ * • 

Substituting y= 10. *=12 and -5*-=2 ft./seo 


in '{2), we got 


dy 12 -3 

d'r = _ ' Tg j(2)= ~ ’oft./sec. 


^ * Tho 8 *gn being negative, it indicates that the 
upper end descends at the rate of fft. per sec. 
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Ex. 4. A man 6 ffc. tall is walking directly away 
from a street lamp 10 ft. 
above the ground, at the 
rate of 176 ft. per minute. 

Find the rate at which bis 
shadow lengthens and the 
velooity of the end of the 
shadow. 

Let y be the length of 
the man’s shadow and x, his 
distance from lamppost. 

Then 4 - 5±= 

6 lu 

or 4y=Qx i. e. y=%x 

-~-= ~ | X 176=264 ft. per min. 

which gives the rate of lengthening of the shadow 

The velocity of the end of the shadow 

•••1 (0S)=A (.+»>-■£ + ■&-»•+** 

=440ft./min. 

Exercise XVII 

1. A particle moves in a straight line in such a 

way that its distance from a fixed point O 'n the line 
at the end of t seconds is feet. Find (i) the 

distance from 0 (ii) its speed and (m) its acceleration 
at the end of 4 seconds. 

2. If the distance time formula for a body moving 
along a straight lino is s=t z —2t, show that the body 
is travelling four times as fist when t=5 as when *=0 
and in the opposite direction. 

3. A ball is thrown vertically upwards and after 
t sec. its height ft ft above the ground is given by 

ft =80*-16/ 2 

(a) Show that it reaches the ground again after 6 
sec. \ 
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(6) Find its velocity after (i) 1 sec., ( ii) 3 seo. and 
explain the signs of these velocities. 

(c) Find toe velocity with which it was thrown up 
and the time after which the ball is instantaneously 
at rest. 

4. The side of a square increases uniformly at the 
rate of 1 inch per sec. At what rate is the area in¬ 
creasing when the side is 6 inches ? 

5. At what point on y 2 =z 3 does y increase with x 
at the same rate as x increases with y ? 

6. A rod AB, 10 ft. long moves with its ends A and 
B on two perpendicular lines OX and OY respectively. 
If A is 8 ft. from 0 and is moving away at the rate of 
2 ft. per sec. Find at what rate the end B is moving. 

(Madras) 

7. A pencil 6 inches long is held horizontally with 
its centre x ft, below an electric lamp. Find the 
length y ft. of the shadow cast by the pencil on a table 
8 ft. below the light. 

Find the rate of change of the length of the shadow 
when the pencil is 4 it. below the lamp and is 

(а) lowered (6) raised at 2 ft. per seo. 

8. Show t hat the volume of a spherical soap bubble 
increases 4“ r 2 times as fast as the radius r. 

Find the rate of increase of the (a) volume and 

(б) the surface area when r=2J inches and is increas¬ 
ing at the rate of \ inches per sec. 

9. Find the angle x, which increases twice as fast 

a3 its sine. (P. U. 1949) 

10 The volume of a cube is increasing at a constant 
rate. Prove that the surface increase varies inversely 
as the length of the edge. (D. U.) 

11. A stone dropped into a calm lake causes a 
series of circular ripples. The radius of the outer one 
increases at 2 ft,, per sec. How rapidly is the dis¬ 
turbed area changing at the end of 3 sec? 
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■ 12. Water is running from a cylindrical tank $ f if, 

in diameter at th e rate of 3 ity/h cu. ft. per • minute; 
when h is the depth in feet of the water in the tank. 
How fast is the surface of the water falling when h' is 
equal to 9 ft. ? 

13. The top of a ladder 20 ft. long slides down a 
vertical wall. Find the ratio of.the speeds of the top 
and bottom when the ladder makes an angle of 6Q° 
with the ground... . 

14. Two men A and B start from a place 0 to 
walk in perpendioular directions j A at 3 miles per 
hour ond B at 41 miles per hour. 

At wh it rate are they receding from each other 
after two hours ? .... 

15. A ludder AB, 26 ft. long, rests with one end 
A on the ground OA and with the ptheg projecting 
over a wall 00, 12 feet high. The end A. is pushed 
along the ground towards the wall at 3 ft. per sec„ 
Find the vertical velocity of B when A is o ft. from 
the wall. 

9 

6’3 Application of differential co-efficient in approxi* 
mate calculations. v ' 

It is often required to calculate the effect upon* 
one quantity of a small change in a related quantity. 

If a known formula connects the quantities x anti 
y\ and if cl) is the change in the value of y corres¬ 
ponding to a change Sx in the value of x, Wo can 
calculate $y in terms of a; and •- * 

Since is the limiting value of ~~ when 3r-»0, 
ax ox 


we 


have 


?»= d i +a 

%x dx‘ 


where a tends to zero as ox tends to zero 

^ JS= Ix 
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• Now when 8x is made sufficiently small, being 
a small quantity of the second order may be neg¬ 
lected and we may write 


. dy ^ ‘ ■ 

cy=^ 6x (approximately) 



^ V —/(*)» then -^= f\x), and equation (1) may 
also be written as 

%=/'(*) $x .( 2 ) 

Thus if qx is the small error in the measured 
value of x , the error in the function fix) is f'lx)8x 
approximately. 

Examples. 

Ex. 1* The valumo V of a cube of side x is given by 

V-x*. .( 1 ) 

If&ris a small error in the sides, then $F, the 
error in the volume is given by 

dV 

'I $z=3*2 lx. .(2) 

1 I » 4 % 

Suppose the side is 2 inches and the error 8x in x is 
*01 then .£F=3(2) 2 (01)=-12, so that due to an error 
of "01 in the side, the volume is approximately 8 # 12 
cu. in) jnotead of 8 cu. in. 

It >is interesting to compare the approximate 
value obtained above with the exact value obtained 
as follows;— 

V=z 3 , : V+2V=>(x+2x)**=z 3 +3z 2 ©*+3x(S*) 2 + (&r) 3 

Substituting x=2 and gz= 0l, we get 

F + S F=S+12x 01+Gx*0001+-000001 =8-120601 

Thus upto three places of decimals, the approxi- 
mato value given by equation (2) is tho same us the 
actual value obtained by a longer process. 

Ex. 2. Find tho error in the area of a triangle 
calculated by the formula f be sin A due to small 
error in the value of tho angle A. 
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Given 6=1*4 ft., c=l - 8ft. and A=60°, find the 
error in the area due to an error of 1° in A. 

Let y denote the area of the triangle 
then y=\bc sinA 

the error in the area §y=|6c cosA §A 
Now 6=1.4 ft., c— 1*8 ft., A=60° and 5 A = 1° 


ft 

180 


radian 



X 1*4 X 1*8 X \ X 


14x18 22 

10Ux4xl80 X 7 


11 


louu 


= *011 sq. ft. 


Ex. 3. A cylindrical tin can is to be made so as 
to have its height (x) equal to its diameter. 

Find the error in its volume, V, due to a small 
error in its linear dimensions. 

Calculate approximately the relative error in V 
caused by a percentage error of 0 5 per cent in the 
diameter and the height. 

The height being x, radius of the can=$x 

.*. F=ftQx) 2 x = £ ftx 3 . (1) 

.*. c,V = l‘6r,x 2 Sx=|- irx-Sx . (2) 

0 * 5 x 

Now Sx, the error in = gUO 



the relative error in F = 


_ Jtt x 2 5x_ 3gx 

x 


.•3 


iTTX 

3 x 
jT X 200 


= •015 
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Exercise XVIII 

f >• o ** Slde of a square plate is increased bv heat 
from 3 inches to 3 1 inches ; find an approximate 
value of the increase in the qrea. 

th El ‘ d aI . S0 4 the difference between the actual and 
tii 0 approximate increase. 

2. Find an approximate value for (4 005) 3 

*• J { ° bG Cha T d t0 what > 8 the approxi- 

mate change in sin 0 

Calculate this change when0=6O° and §^ = 1° 

4. A circular plate is expanding by heat When 
the radius passes through the value 3 ft. itts increas 
mg at the rate of 0*0012 inches. Find the rate of 
increase of area at this moment. (D U ) 

Finrl th hQ radi . US - of a 8 P here taken as 5 cm 
Fmd the error in its volume and its percentage error* 

f error of 0 > mm. is made in measuring tbe^adius. 

. . 6 : The volume ^ a gas is measured: the Dressi,™ 

is then computed by the formula pv=K k! 

allowable error in p is 0*001 K and t, can be measured 

which th' ft ’’ What 18 \ h ° * ,Ze of 6ma,,est container to 
which the process can be applied. ™ 

7. The angle of elevation of the top of tho Outah 

Minar from a point 120 ft. from its base is fonmlVlk 
60 . Find the height of the Minar and the percental 
error in the calculated height due to an error of if® 
in measuring the angle. 1 15 

8. The height of a tower is calculated on the 
assumption that the angle of elevation ofits tnn <Y„ 

a point -00 ft., from the foot 1, 45°. I? an error 0 f ^ 

was made in measuring the angle, find the correspond 

ing error made ,n the height of the tower. Find a^ 
the percentage error. a,so 

9. A tower on the bank of a river is 120 ft 
high, and the angle of elevation of its top f r0 m « 
point on the opposite bank is found to be 30" if 
error of 15' was made in measuring the angle, find to 
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corresponding error in the calculated breadth of the 
river. 

10. In a plane triangle if the sides and angles 
receive small variations, prove that when a and B are 
constant 

tan A.§6=—6.3A. 

11 . The sides a, b, c and the angle A of a triangle 
are related by the formula a s =6 2 4-c 2 —26c cos A. 

(») Find a formula for the percentage error in the 
side a due to an error of 2 percent in the value of 
b, the other terms being supposed correct. 

(it) Find the error Set in the side a due to an error 
§A in the angle A and show that when 6=c=10 otn. 
A=60° and SA = 1°, §a is roughly lj millimetre. 

12. Explain clearly what is meant, by the appro¬ 
ximate equation Sy=/' ( x) $x, showing how it is 
derived. 

Supposing that the limits of error in measuring the 
'side a of a triargle ABC are per cent where p is 
small prove that if the other two sides are correct, 
the limits of error in calculating the angle A are 
approximately 

1 • I fj Uj a 2 

± 2felTn A dogrees - (P* U. 1929) 

13. The time (T) of oscillation of a simple pendu¬ 
lum cf length l is given by T 2 ^=4“ ? /. Find the 
percentage error in T corresponding to an error of 2 
percent in the value of l. 

14. If y=f(x) and y+hy=f (x+$x), show that 
J'h:)lx is a good approximation to the value of 3y when 
£x is small. 

A step ladder (in the form of the letter A) has equal 
legs DE, DF, a ft. long, and a string PQ, b ft. in length, 
is attached to each leg so that DP=DQ=c ft. Find 
approximately the length through which the top D 
of the ladder is lowered when the string is lengthened 
by $b ft. 
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If a=5 ft., 6=c=2ft., $6=1' ; show that Zh='12" 

(B.U. 1923) 

15. The distance of the visible horizon, (z miles) 
as seen from a height of y feet above sea level is given 
by the formula 2y=5z f . 

How many miles can one see from the top of 
the Qutab Minar which i9 250 ft. high ? 

Approximately how much higher must one climb in 
order to see the river Jumna, J mile further away ? 


CHAPTER VII 


INCREASING AND DECREASING FUNCTIONS 
MAXIMA AND MINIMA 


We now proceed to show how calculus may be 
used to obtain important information concerning 
functions and their graphs. 

7.1. Increasing and Decreasing Functions. A function 
y=f(x) is said to be an increasing function of x if , as x 
increases , the value of the function y or f(x) also increases 
and it is said to be a decreasing function of x if, while x 
increases , / (x) decreases . 


In other words / (x) is an increasing function ofx, 
at x=r v 

if f( x z)>f (*i); when is just> x ly 

Suppose a fuction y=f (a;) is increasing at x, then 
for a positive value of gx, 

/(x+Sx)>/(x) 
or f ( x +Sx)—f (x)>0 


or 


/(x + S x)-/(x) 

2* >v 


ar.d this is true however small 8x may be. 
proceeding to limit when gx-^0, we get 

du _ du . 

^->0 or ~~ is positive 


Hence 


Similarly if / (x) is decreasing at x, /(x+gx) < f (x), 
when o x is positive and tends to zero, so that 

is negative. Thus the derivative or is positive 
dx dx r 

for an increasing function and is negative for a decreasing 
function. 
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This is obvious geom¬ 
etrically from the 
graph of a function. In 
the adjoining figure, at 
a point such as P 
where the function is 
an increasing one, i.e. 
increases as x increases, 
the tangent makes an 
acute angle with the 
axis ot x, so that the 
slope of the curve is 
positive. Again at a 
point such ns Q where the function is decreasing t e. y 
decreases as x increases, the tangent makes an obtuse 
(or negative) angle with the 2 -axis and therefore the 
slope is negative. 

A point where the slope is neither positive nor 
negative but is zero, and the tangent is parallel to the 
2 -axis, is known as a stationary point. 

The same function may bo an increasing function 
at one stage and a decreasing function at another 
stage and may have several such stages, e.g., 
y =cos 2 . [ See Fig. Ex. 2. Art. 5*2.J 

Note. The terms greater and loss, increasing or 
decreasing are used in the algebraic sense, e g., —7 is 

greater than —13. The function y= - is a decreasing 

function for all values of x, even for the portion lying 
in the third quadrant. [ See Fig. Ex. b. Art 5-2 ) 

Example. Show that the curve t/= 2 3 —3s-f-2, 
increases for all values of x less than —1 and greater 
than 1 and decreases for values of x from —l to 1. Show 
also that it is stationary at the points (1,0) and 
(-1,4). 
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^=3*8-3=3(*-l)(*+l). 

This is positive when • 
*< — 1, and whenx>l, so 
that the curve rises and y 
increases for values of x 
from — co to — 1 and from 1 to 
co. 


1 , 



dy 

^-=0 when z= — \ or 

th f J angents are parallel to the x-axis and the 
curve is stationary at these points. 

_v,w en T = iV- y T°> whichis the point C v here the 
axis of x itself is the tangent; and when x= — 1. «= 4 

which is the point P in the figure. J * 

Exercise XIX. 

1. Determine whether y is increasing or decreasing 
or stationary at the indicated values of x 

y-3*«- 4; x=2, (it) y= cos x; x=-i 7T> 0, 

x=—§, — 1,—}, 0. 

, ” ho * that the curve ysg* does not decrease 
and that the curve y—l/x does not increase for any 
real value of x. J 


3. Show that the curve ?/=x 3 -f x-f-7 ha8 nQ 8tatio 
ary value and that it rises for all values of x. 

4. Show that the graph of y=x2-|-4x rises when 
and falls when x<-2. Indicate this by draw¬ 
ing a rough sketch of the curve. 

. 5 ’ Show that x 3 -9x2+24x + 2 increases as x 

increases for values of x less than 2 and greater than 4. 

6. Show that (x—l) 2 (2x-f 7) decreases as x increases 

lor values of x lying between —2 and 1. 

• • 

7. Sketch the graph of y=sin x and w=cosxon 

the same axes from 0 to 2tt and show that y=.sin x 
increases or decreases where cos z is positive and nega¬ 
tive respectively. ° 
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Maxima and Minima 

7*21. Maximum Point. A function is said to be a 
maximum at a -point where it changes from an increasing to 
a decreasing one. 


At a point 
such as P where 
the function 
changes from an 
increasing to a 
decreasing one , 
the tangent is 
parallel to the 
a;-axis 

and ^=0. 
dx 



At any point such as A just before P, the 
function being an increasing one, the tangent makes 

an acute angle (a) with the axis of x and—^ is positive. 

At any point such as B just after P, the function 
being a decreasing one, the tangent makes an obtuse 

angle (p) with the axis of x and j*|is negative. 


It is clear from the above facts that for a function 
f(x), the ordinate at P is greater than all other ordi¬ 
nates in the immediate neighbourhood of P, on its left 
as well as on the right. 

Thus/(:&)»« maximum at a point x=c, if the value of 
f(x) at x = c is algebraically greater than all values of f(x) in 
the immediate neighbourhood, of x—c when x is slightly 
less than c i.e., just on the left of P, f(x) is an inereas- 


dy 


ing function of x and, therefore,/'(a:) or is positive 


When x is slightly greater than c, i.e., just on 
the right of P, f{x) is a decreasing i unction of x and 

therefore, f'(x) or -—is negative. 
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Hence f'(x) changes from-f-oe to— ve as a: changes 
from slightly <c to slightly>c. 

Also J'(x) cannot change from+ye to— ve without 
taking the intermediate value 0 [f(x) is supposed to bo 
continuous]. Therefore f'[x)—0 at x=c. 

Hence for f(x) to be a maximum at x=c , 

(t) f'(z) =0 at x=c 


and («) f(x) changes from-\-ve to—ve as x changes from 
slightlyKc to slightly>c. 

7 22. Minimum Point. A function is Slid to be a 
a minimum at a point where it changes from a decreasing to 
an increasing one. 


At a point such as Q 
where the function 
changes from a decreas¬ 
ing to an increasing one, 
the tangent is parallel to 
the axis of x and 

0 . 

dx 

At any point such as C 
just before Q, the function being a decreasing one, uie 
tangent makes an obtuse angle ("/) with the x-axis and 
dy . 

—- is negative. 
dx ° 



At any point such as D, just after Q, the function 
being an increasing one, the tangent makes an acute 

angle (g) with the ar-axis and ^is positive. 

It is clear from the above facts that, 

fix) is a max mum at a point x =d if the value of 

/(*) at x=d l f algebraically less than all values of f(x) in the 
immediate neighbourhood of x—d. 

When x is slightly less than d i.e., just on the left 
oi Q,f(z) is a decreasing function and, therefore, f(x) 
is negative. ' • 
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When x is slightly greater than d i.e., just on the 
right of Q, fix) is an increasing function and therefore 
/ (*) is positive. 

Hence f'(x) changes from negative to positive as x 
changes from slightly <d to slightly>c/. 

Also/'(x) cannot change from—re to-fve without 
taking the intermediate value 0 [f'(x) is supposed to 
bo continuous at x=d]. Therefore f r (x) =0 at x=d. 

Hence for f(x) to be a minimum at x=d, 

(t) f'(x) = 0 at x=d 

and («) f'(x) changes sign from— ve to-f-ve as x 
changes from slightly<<i to slightly>d. 


7*23. Conditions for maxima and minima points : — 

(i) ^=0 for maximum as well as for minimum 'points, 

for which this is a necessary condition. 


For the values of x obtained from this equation, the 
function may have either max. or min. values. 

(w) For maximum values,^ must change from positive 

to negative. 

and (Hi) for minimum values , ^ must change from negative 


to positive. 

Note. Maxima and minima points where dyjdx 
changes sign b^y passing through the value zoro are 
also called turning points; for such points the curve 
either after increasing turns and begins to decrease, or 
after decreasing turns and begins to increase. 

7*24. Point of Inflexion. If for some values of x 


obtained from the equatien ^=0, ~ does not change 


sign, the function is neither maximum nor minimum 
at these points. 
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At such points as P in the figure, the tangent is 




^ ^ r - ~ 

parallel to the x axis bat the curve does not change 
from an increasing to a decreasing one or vice versa. If 
the function is increasing just before P, it also remains 
increasing just after P Fig ( i) and if it is decreasing 
just before P it remains decreasing just after P 
[ Fig. (it) ]. 

Such points are known as points of inflexion. 

It is not, however, necess¬ 
ary that at a point of in¬ 
flexion the tangent should 
be parallel to the axis of x 
as is evident from the ad¬ 
joining figure. 

Note. It may be obser¬ 
ved that the curve is convex 
upward in the neighbour¬ 
hood of a max. point and 
concave upward in the neigh¬ 
bourhood of min. a point. At 



O 


X 


Fig. 'Hi) 

a point of inflexion the curve changes from convex up 
to concave up [Fig. (i) and (m)] or from concave up to 
convex up [ Fig. (t'i) J. 

Examples. Determine the max. and min. values 
of 

a; 5 -5a: 4 +Car 1 (P. U. 1946) 

Let ?/=a; 5 _5ar 4 -f-5a; 3 .(1) 
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Then — =5x J —203 3 4-153 2 = 53 2 (.t— 1 ){x— 3) 

OX 

. (-) 

Equated to zero, it gives 

(t) x= 1, (u) 3=3 and (tit) 3=0. 

Now we proceed to test the nature of these points 

(t) If x is a little< 1, 



Hence the function is max. at 3=1 and by sub¬ 
stituting 3 = 1, in equation (1) we get the max. value 

= 1 — 54-5 = 1 

(it) If 3 is a little <3, ^ is (+) (+) (~) t.e. 
negative. 

If 3 is a little>3, ^ is (+)(+)(+) t.e. 

positive. 

/. at 3=3, y^=0 and changes from — ve to + re. 

(XX 


Hence the function is min. at 3=3 and by the 
substitution of 3 = 3 in (1), we get the min. value 
=243-405 + 135=—27. 


(in) If 3 is slightly < 0, 



(+)(—)( — ) t.e. positive. 


If 3 is slightly >0, ^ is (+)(-)(-) *.€. positive 
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Thus at ar=0, does not change sign and the curve 


remains increasing just before and after this point 
and hence the point (0, 0) is a point of inflexion. 


Exercise XX. 


1. Find the point of inflexion and the max. and 
min. values of :— 

(i) 12a: 5 -45x 1 +40^ 3 -i-6. (n)3a^-16x 8 4-18a: 2 . 

Draw a rough sketch of each and compare it with 
the figure drawn in the above worked example. 

2. Find the max. and min. values of the expres¬ 

sion given by y=3z s — 5* 3 +4. If there is a point of 
inflexion, find it. (P. U. 1948) 

3. Find the stationary points for the following 
curves : — 


(*) z 3 -3z+6. (it) *4-2*2+ 12 . 


x 


« I+i+3* 


(*0 


(*—!)(*—.4) 


(in) 4* 8 +y 2 =16 

( l -*) 3 


(«0 


1— 2x ’ 


7 3. Second derivative test for maxima and minima. 

To distinguish between maxima and minima points of 
a function, we have to examine the change of sign in 

dx' * 9 no ^ apparent at once in most cases. 

To facilitate the work we make use of the Second 
derivative. 

At a max. point changes from +re to — ve, so 

that ~~ itself is a decreasing function of* at that point. 

Now since the derivative of a decreasing function 

is negative, therefore, the derivative of i.e. 

dx dx z 

is negative at a max. point. 

At a min. point changes from —ve to +t;e so 
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that ~ itself is an increasing function of x at that 
dx 

( 1 ~ 

point, hence its derivative i.e. must be positive at 
the point. 

Hence is —re for a max. point and -\-vc for a min. 
point. 

This test will usually be found easier to apply than 


dy 

dx 


the test by discussion of the change of sign in- 

Howover, it cannot be relied upon entirely, because 
it may happen that for some values of x obtained from 

the equation ^=0,-^^ may not be -\-ve or —re but 

may be zero. In that case this test fails and the 
nature of the stationary values must be decided by 

# dy 

considering the change of sign in 

Note. Wo may also proceed as follows :— 

When • ^=0, ^^=0 but 0, for some value 

uX ux 


of x, the function is neither a max. nor a min. but has 
a point of inflexion at that point. 

If -- v also vanishes for the value of x under con- 
dx* 

d l u 

Bideration, the function will be max. if — ~ is nega¬ 


tive and min. if it is positive. 
d^u 

If —? =0 also, proceed further on until either 
dx x 


some odd differential coefficient (other than the first) 
does not vanish in which case there is a point of 
inflexion, or some even differential co-efficient is negative 
or positive, in which case the function lias either a 
maximum or u minimum value. 

The proof of this statement is beyond the scope of 
book. 
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Examples 

Ex. 1-. Show graphically that the parabola y=x % has 
a min. value at the origin. 

Hero !fr=g=2*, t/,=gf=2. 

The graphs of the func¬ 
tions y—z 2 , y x ='2x and 
y 2 =2 are drawn with refer¬ 
ence to the same axes. 

y=x 2 is the parabola, 
y 1 — 2x is the straight line 
passing through the origin 
and having its slope equal 
to 2, and t/ 2 =2 is the 
straight line parallel to 
the cc-axis at a constant 
distance 2 from it. 

At the origin the graph of y x =2x changes from 
—ve to 4 -re. 

Also 7/ a being equal to 2 is positive. 

Hence the curve is minimum at the origin, its min. 
value being zero. 

Ex. 2- Find the stationary points for the ourve 

y=x?— 

and indicate them by drawing a rough sketch. 

Here y i =J^=5x i -20x 3 -i- 15x==5z 2 (a:— l)(s — 3) ; 

y3= S =1 °* (2x3 ~ 6 * + 3 ) 

J/ 1 =0 when x=l, x=3 and x=0. 

For * = 1, y 2 = —10 ; it gives a max. point. 

For z = 3, t/ 2 =90 ; it gives a min. point. 

For #=0, y a =0, but y x does not change sign ; it, 
therefore, gives a point of inflexion. 
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It may be seen that the third derivative y 3 / 0 
for x=0. This also shows that z=0 gives a point of 
inflexion. 

This is the same example as worked in Art. 7’24 and 
it shows that test by the second derivative is much 
easier than the test by consideration of the sign of y x . 
For the rough sketch see Art. 7*24. 

( Ex. 3. Find the turning points and the values of y 

for these points for the curve 

y=3a: 5 —25x 3 +60ar. 


( Let t/=3z s —25a; 3 -f 60a; 

-^=15* 4 -75* 2 +60 

= 15(* 2 -4)(x 2 -l), 
which equated to zero gives 
x— — 2, 2=3 — 1. 
x — 1 , z=2, 

^=6 Qx*-150x 
dx~ 

= 30r(2a: ! —5). 




value of y 


Max. value = —16 



Min. ,, 


Notice that (t) max. and min. values oocur alter¬ 


nately and («) that the min. value 16 at x=2 is greater 
„ than the max. value —16 at x= — 2. 
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This illustrates the fact that the relative magnitudes 
of the values of a function is not the criterion for 
distinguishing between its max. and min, values. 

Ex. 4. Examine the curve y=sin x(l + cos x) 
for its stationary points for values of x lying between 
0 and 2r.. 

We have y=sin x{ 1+ cos z)=sin x+% sin 2x. ' 

••• ... ... ...( 1 ) 

a if 

V\- ^= cos s+cos 2a;=2cos 2 ar-f cos x—\ 

=(2 cos x — l)(cos .(2) 

d2 y 

y,= & =-sui x—2 sin 2x s 

d?y 

^= d ~ 3 = -cos *-4 cos 2*. 

By (-)> 2/i=0 when cos which gives a;=±J”, 

. and cos z= — l which gives 

For y 2 is — ve t y is max., and by (1), the 

max. value=3 v /3/4. 

For *== — §“, y a is -\-ve, y is min., the min. value 

=-3V3/4. 

For x=n, y 2 —0 but y 3 /0, it gives a point of 
inflexion. 

Exercise XXI 

1. Examino the following functions for their 


stationary values : — 

(i) a^-S^-K* 3 — 1. (P.U. 1951) 

(u) 2x 3 -9.t- — 24x-20. (P.U. 1950) 

<«*) 2.c 3 -21s=-f30.r-20. (P.U. 1949) 

(IV) (x-sy (x+iy. ,P.U. 1945) 

(r) oar*—;>3i 3 4-135x. 

(vi) (z-l)(x-2)* (x-3) 3 . (D.U.) 


2. Find the stationary values cf tho following 
curves and determine whether etch is a max., min. as 
a point of infli xion 

(0 z+cos-r. (H) 3 siu 2 a:+4cos 2 x (P.U. 1952) 
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(Hi) sin x— sin 2 z. 



sin x 
2 +cos x' 


sin cc 

(t,) 5 +3 coa x 2 (P.U.) 

( vii ) sin x cos 3 z (P.U.) (viii) sinx cos 2x. 

(ix) (cos z+2sin x) s (P.U.) 

(x) sinz cosxj (sinz-f-cos.t) (P.U.) 

3. The range, R, of a criket ball projected on a 
horizontal plane is given by the formula 

gR = 2V 2 sin# cos#, 

where V and g are constants ; find the value of 6 when 
R is a maximum. (D.U.) 

4. If u=f(x) be a maximum for some values of x 

show that — is a minimum for the same value of x. 

u 

(P.U.) 


, - ax-\-h , 

5. The graph of t/ sa Yx—l)(x—4) ' ha8 a turn,n 8 

point at P(2,— 1). Determine the values of n and b 
and show that y is a maximum at P. (P.U, 1951) 

7 4. Maxima and Minima distinguished from great¬ 
est and least: The words '•maximum” and “minimum” 


are not used precisely in the same sense as “greatest, 
and “least” ; they only signify; greatest or least in the 


immediate neighbourhood . 
Notice that in the figure, 
the minimum value at E 
is greater than the maxi¬ 
mum value at B and that 
there are several maxi¬ 
mum and minimum val¬ 
ues for the fiamo function. 
This is explained by the 
fact that by the maximum 



and minimum values wo do not mean the greatest and 
the least values of the function. If the curve always 
slopes upwards and if we extend the curve to the left 
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of H, we can find a value of x that makes f x x) greater 
than any of the maximum values, and similarly to the 
right of A ,f(x) may become smaller than any of the 
minimum values. 

By the function being maximum at any point say at D, 
we simply mean that the value of the function at />, is 
greater than what it is at other point in the immediate 
neighbourhood of the point D , either to the left or to the 
right to it. 

Similarly at the minimum point E, the value of 
the function is less than that what it is at any other 
point j ust near E. 

“Maxima are like mountain tops, and minima like 
valley bottoms. A hill-top is higher than surrounding 
points but there may be a higher mountain near." 

7 41 Maxima and minima values occur alternately. 

In the figure, the function is a maximum at F, 
and again at D. Just ufter the point F, the ordinate 
of th>‘ function begins to decrease and just before 
the point D, the function is increasing. Hence bet¬ 
ween F, and I), the function changes from a decreas¬ 
ing to an increasing one, and, if the 1 unction is con- 
tinuou', this cannot, take place unless the function 
parses through at hast, one minimum value. Thus 
betuien two maxima, one minimum at least must exist 
and similarly between two minima at least one maxi- 
innni must exist. Hence maxima and minima occur 
alternately in a continuous curve. (See Ex. 3 Art. 7 3) 

Ex- 1. How do you explain the fact that though 

y^=‘2x z —9a 5 -l- l-.r-j- l 

can be made as In rite as we plea'O by taking x to bo 
large enough, the function has a maximum value 
whenar=l. (P.U.) 

Ex. 2- Explain wlmt you mean by the maxi¬ 
mum and minimum values of a function. Distinguish 
them clear y from the greatest possible and the least 
possible values of the junction. 
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7'5 Additional Examples. A few examples of a 
general character are given below ; — 

Ex. 1* Find the max. and min. values of 

y=a sin x-f 6 cos x. 

First Method. By Calculus : 

Vi= a cos x—b sinx, 


dhj _ 


dx 2 


[a sin x-f b cos 



y x =0 when tan x= 



so that sin x=± -- q . _. ; cosx =4 - 6 - 

\V+6 2 1 v/Ji+fci 

y 2 is negative lor positive values of sin x and cos x. 

the max. value of y=a. — r q T _. 4-6. — b _ 

\/a 2 -\-b 2 Va^-t-6 3 

= \/a 2 4-6 2 

Again y 2 is the positive for negative values of y, 


hence the min. value of y=.a ( -)-f 6 

N y/a 2 -\-b z ' 

= -s/a z 4-6*7 


-6 

\/a 2 -f 6* 


Second method. By Trigonometry. 

Let a = r cos0, b = r sin0, so that 

r — ± v/a*-t-6 ! and tan0=6/a 

y=r (sin x cos© -f cosx sin0) 
=r sin(x-f 0) 


= ±v/a 2 -f 62 sin (x-f tan'*6/a) 

Now as tho greatest value of sine of an angle is 
unity in magnitude, therefore, the greatest and 

least values of y are ■ v /a 2 +6 2 and — \/a 2 ~+ 6* respec¬ 
tively. v 


Note. In this case, the greatest and least values 
of tho function are also the maximum and minimum 
values. 
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Ex. 2. Find the minimum values of 

a 2 /cos 2 x t 6 2 /sjin 2 a\ 

Let y=a 2 /cos 2 x -f- 6 2 /sin 2 x=a 2 sec 2 x + 6 2 cosec 2 a; (1) 

y 1 =2(a 2 sec 2 x tanx— 6 2 cosec 2 xcotx) . ^2) 

?/ 1 = 0 when a* stc 2 .r tanx=6 2 cosec 2 x cot a: 
t e. a 2 sin 2 * tan 2 x = & 2 cos 2 x 
or tan 4 x=6 2 /a 2 tun 2 x=i/;/a. 

Now t/j = 2|a‘- tan x + a 2 tan 3 .r —6 a cot x—b 2 cot 3 x) 

.*. t/ 2 =2(a 2 8tc 2 x-f-*to 2 tan 2 x sec 2 #-}-^ 2 cosec 2 x 

-j- 36 2 cot 2 x cotec*x) 

which is positive for the positive value b/a of tan 2 x 

y is min. when tan 2 x= 

. o a+fc . a+b 

so that fec‘x= —, cosec 2 x= -—. 

a 0 

Hence the min. value of y 

n + b 


=(»+*>’• 


1. 


2 . 


Exercise XXII 

Find the max. and min. values of. 

(i) sin x-f cos r. (P.U. 1945). 

(t») 3 .-in x — 4 cos x. 

(ui) a sin 2 .* -}- b cos 2 x. (P.U.) 

(ir) cos 2 a/n- +- sin 2 xjb*. (P*U.) 

Prove that a sec9 + & cosecQ is a minimum 

when tnn 9 = (6/n) 1 

3. («) Show that the function sin p O cos q @ attains its 
maximum at 9=<z where tan a = y/j } jq m 

(b) show that sirrx cos 3 c is maximum when 

x= tan -1 \/j. 

. j ““4* x -f- 1 

4. Examine the function - „ , for max. and 

x 8 —a--pi 

min. values. (D.U.) 

Verify the answer algebraically. 

5. Investigate for max. and min. values :— 

(t) sin x-f cos 2x. (it) sec x-j-cos x. 

(iii) x + tan x. (iv) 2tan x— tan 2 x. 

(t’l sin 2 @ + cosO. 



MAXIMA AND MINIMA 


133 


7'6 Exceptional cases of maxima and Minima. 

The methods for finding maxima and minima 
values of a function given in Arts. 7-23. and 7 3. are 
sufficient if the function and its derivative are contin¬ 
uous. 

Let us now consider what takes pUce at points 
such as P and Q in the acco¬ 
mpanying figure. 

At P the function changes 
from an increasing to a 
decreasing one, while at Q, 
it changes from a decreasing 
to an increasing one. Hence 
P is a maximum point and Q 
is a minimum point. 

At the point P, the two 
branches have the same tangent (parallel to OY) the 
slope of of which is infinite (tan 90'); at the point Q, 
the two branches have different tangents. At P the 
derivative does not exist and at Q the derivative is 
discontinuous. 

Points such as P and Q are extremely unusual and 
require special methods which are beyond the scope 
of this book. 

The maximum or minimum value at a point such 
as P can be obtained by finding the values of x which 

make the derivative.-^ infinity or =0 

dx J dy 

Examples 

1. Fhow that the origin is a min. point on the 
curve t/ 3 =x a . 

In this case, y=x* i nd x ~ ^ 

dx 3 

There is no finite value which makes the deriva- 
tive dy dx zero, but x=0 makes it infinite, and dy/dx 
changes sign from-ve to + re at this point. Also y is 
never negative, hence the value 0 at x=0 is a minimum. 
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2. (*) Show that t / 3 = (x— l) 2 has a min- value at x=l. 
( n ) Show that in the curve (y-f-3) 3 =(x — 2) 2 , y 

is minimum at x= 2 . 

3. Show that the origin is a max. point on the 
curve x 8 -f t/ 3 =0. 

4. Show that for the curve y = 1—x 3 , dy/dxd oes not 
exist and y has tho max. value i at the point x = 0. 

Problems on Maxima and Minima 

7 7 One of the principal applications of the calcul¬ 
us is to find under what conditions the value of a 
function is a maximum or a minimum. This often 
finds its utility in problems of engineering, where it 
is most desirable to know what conditions will make 
the cost of w irking minimum or will make the 
efficiency maximum. 

Besides engineering problems, most of tho 
problems on maxiutna and minima met with in 
Algebra and Geometry can be very cunvonienlly 
solved by the aid of calculus. 


Examples 


7 71 Algebric and geometrical problems 

Ex. Fin l the least value of the sum of a positive 
num'/er and its reciprocal. 

L'*t x denote any positive mum her and let the sum 
of this mumber and its reciprocal be y, then 


1 </»/ 




O 



f 


y x = 0 when x-— 1=0 i.e. x= -Ll 

As we are concerned with tho positivo value, wo 
have x = l for which y 2 is-}- ve. 

Hence y is min. for x— 1, its min. value being 2. 

Ex. 2 Given the perimeter rf a rectangle, show that 
(/) it .s area ?> a maximum 
and [ii) its diagonal a minimum 
when it is a square. 
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Let x and y be the lengths of the sides of the 
rectangle, A its area and Z, the length of its diagonal. 


Then the perimeter of the rectangle 

=2 x-\-2y—2c (say) 

x+y=c or y=c—x ..(») 

(*) In the first case, A =xy—x (c— x)=cx—x* 


dA 

dx 


=c-2x, 


d 2 A 
dx* ~ 


2 


dA/dx=0 gives x=£c, d 2 A/dx 2 is always— ve. 


A is max. when a;=4c, then by (1) y = ,Jo 

Hence the area is max. when the sides of the rect¬ 
angle are equal i.e, the rectangle is a square. 


(«) In this case Z = y/x~+y~ or Z 2 =x 2 -\-y 2 

=x*+(c-x)». 

" 2 Z-^-=2x—2( c —x)=4x—2corZ ( ^ s= 2x—c ...( 2 ) 

dZ/dx=>0 gives z = k, for which y = \c, so that the 
rectangle is a square. 

Differentiating (2), we have, 



d^Z dZ 

' dx* ,s ^" t?e » s « nco ^=0 and Z is-f-ae. 


Hence Z has a min. value for z=y = ^ c . 

Ex. 2. The sum of the -perimeters of a circle and a 
square is l. Show that u hen the sum of their areas is least 
the side of the square is equal to the diameter of the circle. 

Let x bo the side of the square and r, the radius 
of the circle, theu by the question, we have 

4x-\-2-irr=l .(1) 

Let y be the sum of the areas of the square and the 
circle, then y= z *+ r .r 2 .(2) 
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Differentiating (1) and (2) with respect to r, we have 


From (1) 4+2-^=0 


dr 

dx 


i.e. 7r- = —2 


...(3) 


and from (2) ^ = 2.c+2^r ™=s2*— 4r .[ by (•>) ] 

which equated to zero gives .r, the side of the 
square = 2r, the diameter ol the circle. 

a, s°^= 2_ 4 ^=2-)1 .[by (3)] 

which being -j-re, shows that y is min. for x = 2r. 

Exercise XXIII. 


1. Find the fraction which exceeds its square by 
the greatest amount. 

2. If .r + y=f>, find the maximum value of x*y 2 . (D.U.) 

3. Divide IS into two parts such that their product 
is a max. and the sum of their squares is a mm. 

4. A line of length S inches is divided into two 

parts A I* and I'D by ft point P, find the position of P if 
AP 2 -f-l>P* is minimum. (P.U. 1950) 

5. A gutter of rectangular section is to be made 
by bending into shape a rectangular strip of copper. 
Show that the capacity of the gutter wdl be greatest 
if its width is twice its depth. 

6. A rectangular enclosure containing 162 sq. ft. is 
to be fenced off ; ono side of the rectangle is to be 
along a stream where no fence is necessary. Find the 
dimensions of the enclosure which will require the 
least amount of fencing material. 

7. A rectangular plot of ground is to be fenced 
off and divided into three parts by fences parallel to 
one of the sides; what should b? the dimensions in 
order that as largo an area as possible may bo en¬ 
closed with 200n ft. of fencing material. 

8. T ie sura of the length and girth of a package to 
go by pircel post must not exceed N4 inches. Find 
the dimensions of the largest acceptable rectangular 
box with square ends. 
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If tho parcel is made up in the shape of a circular 

cylinder, show that its length is 28 inches and tho 

girth 56 inches. 

9. A church window consists of a semicircle sur¬ 
mounting a rectangle. If the perimeter of the window 
is fixed, show that its area is maximum when h—r. 
t being the radius of tho circle anil h, the height of 
the rectangle. 

ff the perimeter of the window is 35 7 ft, show 
that it will admit the greatest amount of Imht if 
h = r = 5 ft. (- = 3-14). 

10. A length of wire 71-4 ft. lonsr is cut into two 
portions which are bent into the shapes of a circle 
and a square. Find the radius of the circle and the 
side of tho square when the sum of the areas is a 
minimum. (tt = :M4). 

11. A cylindrical cistern is to be constructed 
with open top and max. volume. If its total sui- 
face area is 20 tt square ft., find its dimensions. 

12. It is required to form equal circular cylind¬ 

rical closed cans of max. volume from a thin sheet 
of metal; find the relation between tho height and 
tho radius of tho base of cans so as to obtain tho 
best result. (P.U. 1952) 

13. Find the relation between tho height and 
the radius of the base of a right circular cylinder 
of constant volume so that the surface may be mini¬ 
mum. 

14. ( i) The slant side of a cone is a , find the base 
radius and the height so that the volume may bo 
the greatest. 

(*») Show that tho semi-vertical angle of tho 
cone of max. volume and of given slant side is 

tan-V2. (P.U.) 

15. A circular filter paper of radius 3 inches is to 
be folded into a conical filter. Find the radius of the 
base of tho filter if it has a max. capacity. 
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16. (*) A rectangular sheet of metal is 20 
inches by 10 inches. Four equal squares, side x inches, 
are removed from each corner, the edges left are 
turned up to be perpendicular to the base, and so 
form a box. Show that it holds (4r 1 -ti0.r 2 -f-200z) 
cubic inches, and find the value of x that makes this 
volume the greatest. 

(it) A tray is to be made from a sheet 12 
inches square by cutting squaros from its corners 
and then bonding up its sides. Find the dimen¬ 
sions of the tray of mux. capacity. 

17. (i) Given the perimeter of a rectangle, find for 
"hat shape is the diagonal least. 

(ti) Givon two sides of a triangle, when is the area 
maximum l 

(Hi) Show that tho triangle of the greatest aroa 
with given base and vertical angle is isosceles. 

18. (i) Finrl the right-angled triangle of maximum 
area that can bo constructed on a given line as 
hypotenuse. 

(it) Given the sum of tho lengths of the hypote¬ 
nuse and another Hide of a right-angled triangle, show 
that tho area of the triangle is maximum when the 
angle between these sides is (30°. 

(m) The perimeter of a right-angled triangle is 
constant. Prove that its area will be a maximum 
when it is isosceles. 

19. Among all circular sectors with a given peri¬ 
meter, find tho one which has the greutest area. 

20. Given tho total surface of a cone show that 
when the volume is a m.»x., tho semi-vertical ainde of 

. i . . 1 . 

the cone sin -1 -- - 

V 3 

7 72 Mmy problems in maxima and minima may 
be solved very neatly by expressing the function in 
terms of trigonometric lunenons of an angle. 

Ex. 1. Fmd the rectangle of max. area that can he 
inscribed in a given circle. 
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Let ABCD be any rectangle inscribed in a circle of 
radius a and centre 0, ON perp. 
on the side AB and^AON=0 
Then AN=a sin0, 
and ON = a cos0 

AB = 2AN=2a sin0, 

BC=20N = 2a cose. 

Let y denote the area of the 
rectangle, then // = AB BC 
=2o sin 0. 2a cos 0 = 2a 2 sin 20. 

= 4a 2 cos 20, which is 
dU 

zero when 20 = 90° or 0=45°. 

Hence for y to bo max. ^AOB=90° i e. the rectan¬ 
gle is a square whose each sido = 2a sin 45°=av/2. 

Cor. The perimeter P of the rectangle 

= 2AB+2BC=4a sin 0 + 4a cos 0. 

.*. dP/d0—4a (cos 0 —sin 0) is zero 

when tan 0=1 or 0 = 45° 

Thus the rectangle of max. are inscribed in a circle is 
also the rectangle of max. perimeter. 

Note. d 2 yld9* =— 8a 2 sin 20 is— ve for 0 = 45° and 
thus area is max. and not min. but the nature of 
the problem is such that it does not admit of a mini¬ 
mum value and hence the discussion of the sign of the 
second derivative is unnecessary in such cases. 

Ex. 2. Find the right circular cylinder of max. volume 
that can be inscribed in a sphere of radius a . 

• 

Let the above figure (of Ex. 1) represent the section 
of the sphere and inscribed cylinder by a plane 
through the axis of the cylinder, then. 

r, the radius of the cylinder®*AN =a sin 0, 
h, the height of the cylinder = 2 ON=2a cos 0. 

Let V denote the volume of the cylinder, then 
V= ir r 2 h=ira 2 sin 2 0.2a cos 0=2,*: a 3 sin 8 0 cos0....(l) 

= 2r. a 8 (2 sin0 cos 2 0 -sin 3 0 ) 
dfy 

this is zero when sin 0 (2 cos 2 0—sin 2 0) =0 
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Rejecting sin0 = O, for which the cylinder does not 
exist, we get 

- cos 2 0=sin 2 0, or tan 2 0 = 2, .-. cos0 = 8100 = ^/1 

V J 

2 1 

Hence from (1) the max. volume = 2na 3 . —— 

O yj O 

= 4?r n n /3\/3. 

The height h of the cylinder of max. volume 

= '2a cos 6 = 2a/v/3. 

and its diameter d = 2r = 2a sin0 = 2g > 
so that d= \ 2A. 

Note. The discussion of the sign of the second 
derivative is unnecessary. But it may be noted that 
the second factor sin0 = O gives the min. value which 
reduces the cylinder to a line coinciding with a 
diameter of the circle. 

Ex. 3. Find flit' right circular cylinder inscribed in a 
sphere of radius a so that itscanve.r swface. is a maximum. 
Let S denote the area of the convex surface, 
we have S = 2 tt r h = '2za sin0.2 a cos0 = 2ra 2 sin20 
This is max. when sin20=l or 20=90°, i.e. 0=45°. 
Hence the max. value of S = 2ira 2 . 
d, the diameter for max. S = 2a sin0=2a/ v /2=a^/2. 
h, the height for max. S = 2a cos0=av/2. 

So that in this case the diameter of the cylinder is 
equal to its height. 

Ex- 4. Isosceles triangles are inscribed in a circle of given 
radius. Show that the triangle of max. area is equilateral. 

Let ,1 be the radius of the circle, O its centre, 
AC, BC the equal sides of the 
isosceles triangle inscribed in 
l lio circle, and ON its altitude, 
then by symmetry of the fig¬ 
ure O lie- on C'\ T and AN = NB. 

Let /P>ON T = 0, 
then HN=fl sin 0. 
and CX = CO-fON, 

—a+a co> 2 0. 

If A denotes the area of 
the tri ingle, then 


C 
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A=AN. CN=a sin #(<z-f-a cos 0) 

=a -(sin # + sin 0 cos 0) 
d a 

^-=a 2 (cos 0-f cos 2 0 — sin* 0) 

=a 2 (2 cos 2 #-fcos 0 — J) 

This is zero when a 2 (2cos 6— l)(cos -f-1)=0 

Rejecting the solution cos 0-+-l = U for which there 
is no triangle, we have 

2cos 0-1=0 i.e. cos 9 = \, 0 = GU°, 

so toat Z.AOB = 120° and AACB = G0°. 

Hence for max. area the triangle is equilateral. 

Ex. 5. Find the right circular cone of (t) the greatest 
volume (li) the greatest curved surjace that is inscribed in a 
sphere of radius a. 

In the above figure (of Ex. 4) let ACB represent 
the section of the sphere and the cone by a plane 
through the u.xis of the cone, then • 
r, the radius of the cone = AN=n sin 9. 
h, the height of the cone=CN=CO-|-ON=a-|-a cos 9. 

(t) Let V denote tho volume of the cone, then 
V = $7rr 2 /i = ^7ra 2 sin 2 0(a-fa cos 9) 

= £“a 3 (l-j-cos0 —cos 2 @ —cos 3 #). 
dV 

^ = i^a 3 (-Bin#+2sin#cos# + 3cos 2 0 sin#) 


= £"a 3 sin#(3cos#— l)(cos0-f 1). 

This is zero when cos/?=£, sin#=0, cos# + l = 0 be¬ 
ing rejected. 

Hence V is max. when cos 0=$ and sin 2 # = l — i = jj. 

the max. value of VasJjro ,, j(l.p£) = **;sa 3 . 
h for max. V = a + a co.s0=-a-f- Ja = £a. 
d, tho diameter of the cylinder of max. V 


=2r—2a sin0=~.~ 

o 


so that d=y/2h. 
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(it) ZOCA=ZOAC=*0. AC=2acos$0. 

Let S denote tbe area of the curved surface, 

then S=|*2^AN , AC=7ra sin# 2a cos $0 

=4 r.a 2 sin$0 cos 2 $0. 

S=47ja ! [icos 3 |0—2*| sin 2 $0 cos$0) 


= 27;a 2 cos $0(cos 2 |0—2sin 2 $0). 

This is zero when either cos $0=0 ».e„ 0=s for 
which the cone does not exist, 

or tan 2 $0 = $ which gives 

sin $ 0 =-L and cos$0 = v /| 


Hence max. S=4wa 2 -J-’g = 8xa 2 /3v/3. 

V o 


Exercise XXIV. 

1. A rectangle is inscribed in a semi-circle of 
radius a so that one side lies on the diameter and the 
other two corners on the circular arc. Find its maxi¬ 


mum area. 

2. Find the area of the maximum triangle which 

can be inscribed in a serai-oircle of radius 20 inches 
with its vertex at the centre and its other two angu¬ 
lar points on the arc. (D. U.) 

3. The strength of a rectangular beam is propor¬ 
tional to the product of its width by square of its 
depth. Find the strongest beam of rectangular section 
that can be cut from a log, 24 inches in diameter. 

4. Tue stiffness of a rectangular beam varies as 
the breadth and the cube of the depth. Show that the 
stilTest beam which can be cut from a circular log of 
radius a lias depth -v/3 times the breadth. 

5. (t) Show that the square has the greatest area 
among rhombi of given side. 

(it) Show that the square has the shortest side 
among rhombi of given area. 
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6 . Find the rhombus of least (») perimeter and 

(n) area that can be circumscribed to a circle of 
radius a. (P. v 1944) 

7. Find the rectangle of greatest area whose sides 
pass through the angular points of a given rectangle of 
sides a and b. 

8. Find the area of the largest rectangle that can 
be cut from a circular quadrant of radius a. 

9. A sphere is cut in the shape of a circular cone. 
How much of the material can be saved ? 

[Hint- Find the cone of max. volume inscribed 
in the sphere]. 

10. A cone is inscribed in a sphere of radius r, 
prove that the volume as well as its curved surface' 
is greatest when its altitude is 

11. A given quantity of metal is to be cast into a 
half cylinder i.e. with a rectangular base and semi¬ 
circular ends. In order that the total surface area 
may bo a minimium, show that the ratio of the length 
of the cylinder to the diameter of its somi-circular 
end is 7r/(z-j-2). 

12. A cylinder is inscribed in a right circular cone, 
prove that (t) its curved surface is a maximum when its 
altitude is \ that of the cone ; («) its volume is a maxi¬ 
mum when its altitude is $ that of the cone and show 
that the volume of this cylinder is Jth that of the cone. 

13. From the vertex A of an isosceles triangle 

ABC,AD is drawn perpendicular to the base. Find 
the point P on AD such that PA + PB-f-PC is mini¬ 
mum. (P.U.) 

14. Given a fixed straigh lino and two points A,B 
outside it. Find the point P on the lino such that 
(t) AP+BP (ii) AP 2 -f BP a shall be minimum. 

15. A point in the l^'potenuso of a right-angled 
triangle is distant a, and b Irom the sides. Sho.w that 

the length of the hypotenuse is at least (a s -f b*) 1 . 

(P. U. 1940) 
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16. A straight line is drawn through the point 
(a y b) so as to form the triangle of least area with the 
axes. Find the intercepts it makes on the axes, the 
axes being rectangular. 

17. A wall 10 ft. high is 8ft. from a house. Find 
the length of the shortest ladder that will reach the 
house when one end rests on the ground outside the 
wall. 

18. A long ladder h is to be moved horizontally 
through a lane of width d feet containing a ri^ht- 
angled bend. Show that the longest ladder which 
can bo taken round the ben l is 2^/2 d ft. long. 

19. A pole 27ft. long is carried horizontally along 
a corriOor £>ft. wide and into a second corridor at 
right anglt-s to the first. How wide must the second 
corridor ho ? 

20. Prove that the least perimeter of an isosceles 

triangle which can bo circumscribed about a circle of 
radius a is Ov/.'la. (P. U. 1953). 

7.73. A few problems of a general character are 
given below. 

Ex. 1. Show tint the l j asl mlue of the portion of the 
tanjt'ut to the ellipse l intercepted between 

the axt.s is u-j-6 (P. U. 1‘JoO) 

P(u cos'?, h sin f') is any point 
on the given ellipse. 

Equation of the tagent at this 
point, is .<• cos H/a+y sin Ojb = 1. 

Its intercepts on the co¬ 
ordinate axes arc 

0\—(i seed, OB — b cosoc 0. 

L -t tf denote All 2 i. r. the 
the square of i he length of the 
tangent at P intercepted bet¬ 
ween the axes, then 

y=a- scc 2 0-}-b 2 eosvc-0. 

!/i = -( a “ sec 2 f tanO—b 2 cosec'O cotf?) 
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This is zero when tan 4 0 = 6 2 /a 2 or tan 2 d=b/q 

[Sec Ex. 2. Art. 7*5]. 

the least value of y=a 2 (l-f~) +6 2 (l + ^) = (a+6) 3 . 

Hence the least value of AB=a-f 6. 


Note- The nature of the problem is such that the 
test of sign of the second derivative, which is not 
easy in this case, is unnecessary. 

Ex. 2. A man is 6 miles from A, the nearest print to 
him on a straight road. lie wishes to reach a place B on 
the road 22 miles from A. If he can walk at the rate of 
5 miles an hour and can ride a cycle on the road at the rate 
of 13 miles an hour, where should he arrive on the road so 
as to reach B in the shortest possible time ? 

Also find the shortest time taken to reach B. 

Let 0 be the ori¬ 
ginal position of the 
man and AB the 
straight road, so that 
OA = C miles and 

AB = 22 miles. 

Let C be the point 
on the road where the 
man ceases to walk and begins to ride a cycle, so that 
he walks the distanco OC and rides the cycle for the 
distance BC. 

Let £OCA = 0, then AC=6 cot 9 and 
OC=G cosec 0, and BC = 22—£ = 22—6 cot#. 



Let T be the total time taken by the man, wo 
have 


„ OG. , BC_ 6 cosec 9 22—6 cot 9 

t rr ' , r ~ “1“ 


dT 

'dO 


— “ cosec 0 cot#-f T ° ff cosec 2 # 


This is zero when \ cot 0=f s cesec 9 or 008 #=^,. 
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AC=6 cot0=6 x = mi. 
and OC—6 cosoo ^=6xi| = V m ** an( I BC=22— 


T= 


OC BC 13 


39 


= V mi. 


+ 13 10 + 2x 13 


= 12+U = 2>s. 


Aliter. It can also be solved by expressing T in 
terms of x. 

Thus T= -° C + g- *?=?. 

o 13 o 13 


dT_ x _ 1 
dx ~ 0^36-1- x 2 1^ 

this is zero when 13x = 5\/36d-j* or 144x 2 = 25 x3G, 

x = j and so on as before. 

Exercise XXV 

1. A rectangle is drawn with its vertices on the 

ellipse x 2 /a 2 -f?/ a /6 2 = 1 and its sides parallel to the 
axes. 

Find the ratio of the sides when (») the area is 
max. (n) the perimeter is ivax. 

2. Find the area of the greatest isosceles triangle 
that can be inscribed in the ellipso given in Q.I, the 
triangle having its vertex coincident with an ex¬ 
tremity of the major axis. 

#2 y2 

3. AA'is the major axis of the ellipse- a -f-^=1, 
and PQ is any chord parallel to AA'. Prove that the 


3/3 

maximum area of the trapezium APQA' is ^ ' ab. 

4 . Prove that the area of the triangle formed by 
the tangent at any point on the ellipse given in Q. 1 
and its axes is a inininum for tne point (a/^2, b/\/2j. 

5. Tho normal at a point Pon the ellipse given 

in Q. 1. intersects the major axis in G and N is 

the loot of the ordinate of P. Show that the maxi¬ 
ma 

mum area of tho triangle PGN is 
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Show also that the max. distance of the normal from 
the centre of the ellipse is a—b. 

6. The point P(9a,—6a) on the parabola y 2 =4ax 
is joined to any point Q(af 2 , 2at) on the parabola. 
Show that PQ has two minimum volues 0 and 5y/oa 
and a maximum value 8\/2 a. 

7. From a point on the axis of the parabola y 2 =4ax 
radii vectors are drawn to the curve. If the point 
bo at a distance d from the vertex, find the abscissa of 
the exterrnity of the least radius vector. 

8. Find at what point the sub-tangent to the 
curve zy 2 =a 2 (a—x) is a minimum. 

9. If a stone is projected vertically upwards with 
a velocity of 80 ft. per sec., its hight, in feet, after t 
seconds is 80<—16l 2 . When will the stone beat the 
greatest height and what height does it attain ? 

10. A ship B is 75 miles due east of a shipA. If B 
sails west 12 miles per hour aad A south 9 miles per 
hour; findt when the ships will bo nearest together. 

11. A man in a boat at one bank of a river 1200 ft. 
wide, wants to go to a point 36U0 ft. down the river 
on the other bank in the minimum time. If he can 
row 3 miles per hour and can walk 5 miles per hour, 
how much near the point should he land ? 

12. A man in a rowboat 6 miles from the shore 
desires to reach a point on the shore at a distance 
of 10 miles from his present position. If he can walk 
4 miles per hour and row 2 miles per hour, in what 
direction should ho row in order to reach .his des¬ 
tination in the shortest possible time ? 

13. A man is 5 miles from A, the nearst point to 
him of a straight railway ; he wants to reach a station 
B, 8 miles from A ; if he can walk across country at 
the rate of 2$ miles an hour and along the line at the 
rate of 3 miles an hour, where should he join the line 
to arrive at B in the shortest possible time ? 

14. A man is walking along a straight road BCX 
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and wants to get to A as quickly as possible; A lies 
off the road across rough ground over which bis pace 
is half what it is along the road. The angle BCA 
being 120% prove that he must leave the road at C. 

(D.U. 1926) 

15. A man is at A on the edge of a circular lake of 
diameter d and he wishes to reach the diametrically 
opposite point B. He can row at 3 m.p.h. and run at 
6 m.p.h. He rows in a direction making an angle 9 
with AB and then runs round the edge of the lake to B. 
Find the value of 9 for which the time is a maxi¬ 
mum. Show that to reach B in the least time ho should 
run all the way. 

Revision Questions 111 

3. Prove that if/'(a) vanishes, f(a) is a max. or 
a min. value of f(x), according as/'(a) is negative or 
positive. (P.U. 1948) 

13 e " 

2. Find the max. and min. values cf x-f -1- 

X X* 

3. A peasant has 20 hurdles of equal lengths and 
he wishes to enclose a rectangular cow-shed which 
shall have a maximum area ; find the number of hurd¬ 
les he must place on each side of the plot. 

(D.U. 1932) 

4. CAB is an isosceles triangle right-angled at C. 
From .a point P on AB perpendiculars PM, PN are 
drawn to CA, CB respectively. Find the position of 
P in which the area of the rectungle PMCN is the 
greatest. 

5. P and Q are two fires 45 ft. apart ; the fire at 
P gives 8 times as much heat as the fire at Q. If the 
intensity of heat varies inversely as tho square of 
the distance, find what point on PQ receives the 
least heat. 

6. Assuming that the intenisty of light is inverse¬ 
ly proportional to the square of the distunce from 
the source, find tho point on the line joining two 
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sources A and B,. A being twice as intense as B at 
which the illumination is a minimum. 

7. The lengths of the parallel sides of a trapezium 

are a and n-\-2x and the other sides are equal and of 
length 6. Find the value of x for max. area of the 
trapezium. (P.U.) 

8 . At what distance from the wall of a house 
should a man whose eye i9 5 ft. from the ground 
station himself so that a window 5 ft high whose sill 
is 20 ft. from the ground may subtend the greatest 
angle ? 

9 A sheet of paper is to contain 18 square inches 
of printed matter. The margins at the top and 
bottom are to be 2 inches each, and at the sides 1 
inch each. 

Find the the dimensions of the sheet which require 
1 he least amount of paper. (P.U.) 

10: The perimeter of a triangle is 8 inches. If 
one side is 3 inches, what are the other two for max. 
area of the tringle \ (P.U.) 

11 . Prove that of all triangles having the same 
perimeter the equilateral triangle has the greatest 
area. 

• 12. Show that the triangle of maximum area 
inscribed in a circle of radius a is an equilateral 
triangle. (P.U. 1952) 

13. A and B are points on the same 6ido of a plane 
mirror. A ray of light passes from A to B by way 
of a point C on the mirror. Show that the length 
of the path will be least when the lines AC, CB make 
equal angles with the mirror. 


CHAPTER VIII 

DIFFERENTIATION OF LOGARITHMIC 


and 


EXPONENTIAL FUNCTIONS 

8*1. In the process of finding the derivative of 
log x we find it necessary to determine the very impor¬ 
tant limit. 

e== n ioo(^'^) =2*7182 approximately*. 

That this limit exists and has the value indicated 
is proved in more advanced texts. We roughly indi¬ 
cate b-low that in ca.-o n is a positive integer (al¬ 
though the result holds true from all real values of «), 
the limit lies between 2 and 3. 


3 2 . 


Limit / 


x> 




So long ns n is finite, by Binomial theorem, we have 

- i + i +av | -;)+Ti( i - l '. )(■-!)+.™ 


As ?i-)zo we oan suppose n to be a large positive 

integer so that ( 1 —~ ) ( 1 —) are all positive 
and loss than 1, 


*The student might argue that 

and might think that this limit is equal to 1, but this is incorrect 
as infinity cannot be treated as an ordinary number to which laws 
of Algebra are applicable. This limit is in fact an irrational number 
lying between 2 and J. 
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/ 1 \ n 

^1+-—^ is evidently greater than 2. •••{!) 

I 

Also ,Yl-X a proper fraction 

J!\ 71 r 

ll( )( *- n)=U** Pr ° per fraCti ° D 


and 


1 1 


1 


< 2-3 < 2 2 ° r < 2 2 


4! 0- ^)( 1 -|)( 1 -|-)=2i4 Xapr0perfr8Ction 


. 1 1 1 

• • \ O O ^ ^ w ^ “ 


2.3.4 z.2.2 


2 3 * 


/ 1 v n 111 1 

•'* ( 1+ ^) <1_f l+ 2’ + T 2+ 2 3 + . + 2^i 

<l+(l+i+4«+.+2^*) 

< 1 +_ n : r 

<l + 2( 1 - i) 

<1 + 2-2^I<3 .(2) 

Hence ( 1+-^) tends to a finite limit lying bet¬ 
ween 2 and 3 as n tends to infinity through positive 
integral values of n. This limit is usually denoted 
by e. 

( 1 \ n 

1 +—f and computing y when 
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n= 1, 2, 3, 10,...100 etc, we obtain the following table. 

!L|_ 1 _|_?_I 3 

y l(l+I) 1 = 2 /(l + £)*«2*2dfcl + $) 3 =2-3;03fl 

I 


n 


10 


100 


1000 


y |(l-l) l0 =2-5937l|(l ui) lo0 =2‘704M^i o'Ji/w°=2'71ttU2 

This shows that y approaches a limit a little greater 
than 2-71692. 

This can also be seen as iollows : — 

When ?i->:o, ——>0, and hence from equation(X) 

11 j 

we nave, 


Lt / 1 \° . , . , 1 1 1 1 

ti->ocA 1+ h) =1 + 1+ 2T+3J-+4!* +-6T + - 

=2 
-f 05 

+0*166667 
+0 041667 
+0 008333 
+0 001389 
+ 0000198 
+0*000025 
+ 0000003 


= 2-718282 curreut to five places 

of decimals. 

Note —e is an incommensurable number and re¬ 
sembles ~ in being an interminable non-recurrent 
decimal. 

Examples 

i 

EX * ! * “ C * 

Put x= —, then as x-}0 9 


n 
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Lt 


l Lt / 1 

(1+ *)* “«-»*>( 1+ ir) _e ' 


Ex - 2 - “o (1+I) * =x^o[ (1+X) ' J 

4 


Ex. 3. 


Lt 
z-»x> 




« b -l 


8*3. To prove that the limit —when h-)Q is 


log e a. 


Let a h — \=x, then a b =l + s and a = log*(l-f *)• 


a h —1 


1 


• • 


k log n (l -\-x) 1 


■ |0 **< 1+ *> log.(l + *f 


1 


Now when h->0, z->0 and -— 


Lt a b —^ Lt 

~x-*0 


1 


= log 0 a. 


h -*0 h ~x->0 l . log ft -j 

loga(l -\-X) 

, Lt e b -l , , 

Cor. Putting e for a. =log°e—l 

831. In ordinary numerical calculations by the 
help of logarithms, wo use what is called the common 
Bvstera of logarithms in which the number 10 is taken 
as the base. But in Calculus and in higher Mathe¬ 
matics the number e = 


Lt 
n ->to 


^ 1 -j. 1—y 1 is taken as the 


base and this system is called the Natural System of 

Logarithms. 

8*32 The elementary properties of logarithms 
with which the student is already familiar are 

oc 

log**-flog 0 y =logaxy. (1) log.x~log^=log.--. (2) 
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log **"—n lo<vr. (3) lo<7 a r=log a x x log R e. (4) 

Any quantity x=a ,c V or e l0 V- (5) 

when there is no mention of any base of a logarithm 
the base e will always be understood. 

8-4. Differentiation of log** Let f/=log 0 x. 

When s is increased to * + let y become y+fa 

so that y+5i/=log n (.r + ^) a 


$»/ 


= lcg 

C 

. , ='°- ( 

1+ 

_ 1 

logn 

(l+±*) 

I 

CC 


' X / 


_ 1 

a* 

X 

l0g n (l + 

s* 

X 

1 

Jog* 

(l+^ 

X X 

X 

)d-r 


X 


Now as L * / , , 1* \ S* _ 

3x->U ' ' x / 


Hen 


co 


d U 


Lt l 


£ =^ov M'O 


a: 

o* 


= — log 4 e= —^ — 

x x Jog.a* 

Cor. (i) Ifa = e,y=l 0 g^ ap( i^y == — log.e= -L 

ax ~ ~ 

d 1 

*• e, » dx (I° g *) = ' x * 

Similarly ~ - (log u) = —. 

( lo g «) = ^-(logw) X 

1 (/a 


But 






d.r 


Cor. (/») Ify=]og.« then-— = L w e 

u-c « * dx m 
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8‘5. Differentiation of a 1 . 

Let y=a l 

then loge2/=log 0 a x =3 l°g« a * 

Differentiating both sides with respect to x, we get 

1 dy . 

—^=log e a 


t. e. 


y dx 

dy 

dx 


—y log 0 a=a 1 log,i. 

<iy 


Cor. (t) If a=e, then y=e and-^- =e* log,e^e\ 

which shows that the exponential function e x merely re¬ 
peats itself ty differentiation , a property not possessed by 

any other function of x. 

du d « du „, du 

o») if !/=«". - d r= du < a °> x 0 l ° e - a - a- 

8*5-1. Differentiation of a* from first principle*. 


Lot y= a * 

then y+$y—a Z +^ X 

%y=a z+Zx — a x =a x (J x - 1). 

S* _ S* • 

. dy _ # , 

• • d * ‘$*-*0 gr 

*[Now let a* X —l=z, (compare Art. 8*3) 


then 2-»0 as gr-»0, also gx=log. (1-f z) 
$ x —\ 2 1 




And 


a 


1 


2x 


log.(ld-z) 1 


•log*( 1 -f 2 ) loga(l 
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Lt oj^-l 

8x 


Lt 1 

z->6~. ~ L 

lop.(l +z* 



Hen 


ce 


dy 

dx = ^ lo ?e a. 


, t Ex ’ P e f ,uco r l T ho diff erential co-efficiant of log.a- 
from that of a*. [Let y=log B r, then a:=ar, find dx/dy). 

Examples 

Ex. 1. If !/=log ^^3 = logx“ = «lo ga:> then 

dx 5 x 

Ex. 2. Ify=a mx , then logax 

=rna mx loga. 

Ex. 3. Ifjf—-. then 

Ex. 4. If y=e taox -‘jy=e taax -£-(tanx)=e tanx .Boo l z. 


Ex. 5. If y=log (sin-'a:), find-^-, 

ax 

Let 2 =sin~ 1 x, then— ~ 1 


dx ~~ v / 1 _ 


and f/=log 2 


dj/ = dy^ dz__ 1 ] _ 1 

dx dz dx z Vi—a: 2 Vl— ** Bin -1 * 

Ex. 6. Differentiate y = e” log sin bx. 

~dx (t ° X) X ,0 S 8in bx +<'“ (log sin bx) 


E=fl£ ° x log sin ~ bx Xcos 6a: x (6) 

=at nx log sin bx+bi** cot bx 

Ex. 7. Differentiate log £ c T (^ X ~~ N 

(P. U. 1040) 
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Using the laws of logarithms, we have 

y=log e‘+>g *+ 51 og(*— 2 )—f Iog(a f + 2 ), 

(z+2)-(*-2) 

— i=n-:. " 


. dy 


•* dx 


„ / 1 1 \ 1,9 (*+ 2 )-(* 

1 + 1 (x-2 x+l) 


3 

^ 1+ *»—4 a;- - 4 


Ex 8- Differentiate log tan" 1 * witlTrespect to cot l x 
Lot y = log tan -1 #, , 

- _^ t ha n — = —-- 

das' - tan - hr dx 


then l=r^rcX^(ta n -x) 


(1+s*) tan - ‘x 


, , du 1 

and lot ti — cot then 1 

or‘!-= -(l + * a ) 


du 


. dy^dy dx^ 


1 


_* _ — x r_(i-L T 2\i 

•• du^ dx ^ du (l+a*-) tan l x 

1 

1=3 tan -, x * 

8 6. Fonnulae for differentiation. The formulae 
derived ho far in this chapter are collected below for 

reference : 


1, 

r* 

+ 

11 9 

o 

• 



n-»'-o x n ' 



2. 

o «*=! =log .„ ; 

h^O h 


Lt £_-l 
h->0 h 

* 3. 

dx (loe “ l) -* log,'. • 

4. 

dx (1 ° S ” U) 

5. 

-/-(a x ) = a x log.«. 
dx 

6. 

-f (e-)-e 
dx 


1 du 
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VI-A. 


<^UND 

Find the deriv^Wves of:— 


1. (t) 

log (7 — 5x). 

— « 

(it) log(3x2 + ox+l) 

^m) 

log JO (x 3 —3x) 3 

(iv) log (sec x-ftah x) 

(”) 

* 2 log t. 

(t’i) sin x log sin x. 

^2. (0 

«-**’ (ii) 

. A _x 2 cot 9 

10 . (u») e 

(»») 

x n .e" x . (v) 

x n . n . (w) x e +e z 

(vii) 

x e .e z . (t’m) 

(3x-f I) e“^ X 


(tt) log^x 2 —o*- 


3. (0 

/ —* -_ 

tan^x+log /fn 1 . (n) log (log x). 

r v X-f-1 

(t-) log (x+VH***). (f i) log *2“^ 


— C-* 


x 4 - — x-f-1 
(t-iii) x sec-’x —log (x-f- y/x*— 1) 


l ’(vii) - 

J e x +t’- x 

4, Find the values of tho derivatives of the 
following for x=2 : 

(0 leg V*- (») log —L. • («») v'logx. 

V x • 


(tv) Vlog y x. 


(v) tan- 1 (logx) 

5. Differentiate :— 



V) \ x [•‘in log(x)- 
(iti) log sin x 2 . 

. 1 -|-?in 9 

W log l-sine- 

cos (log x) ]. (ii) log sin x. 
(iv) log (1+sin 0.). 

(r i) log /* +**? * 
fV1—sin x 

e. (o log >-*"!" *. 

° i-f-X Bill X 

(«) 

log X 

l+x log X 


(it*) 

lop sin x 
log COS x ’ 
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7. a: 5 log a + 5a 1 4-2tan- , ffx—log (1—a:6) + log (1+arft). 

® (D. U. 1932) 

(i) tan(P. U. 1944) 


sin -1 a:. 


i * *V C\ ■ Ciu a 

(tt) 2 x e 

..... , a+b pin a: 

(ut) log .-:- 

v ' b b—a sin x 


(P. U. 1950) 
' *(P.U. 1953). 


9. ) Differentiate (e) a x with regard to log x. 

(«) e x /( l + e*) with regard to e x . 

^ dv 

10. J(t) If t/=e 3l08X , show that—3a: 2 . (P. U. 1949) 

(tt) If y \ogx= X -y, prove that*- - ({ + 

^ (P. U. 1943) 

•\^fn) If r=ae ° 0t show that-^4- r cosec 2 @ = 0. 

(tt?) Ifx=e -?t cos 2f, show that-T—4-4— 4-8x—0 


(») If y= log (ar4-V l+**)Tpw i « 

•■+'>S-+4-»- 

(ti) If y=log( a ^)'. prove that 

-.A _ ‘'i'V. 


(P.U. 1948) 


-■■S- - (»- to')'' (P - U la44) 

11. Determine the values of A and B so that 

— T e -2 * (A sin x4-B cos x )"| 

dr *> J 

may be identically equal e' 2x cos x. 

12. Jf u=e x +e“* and t=e 2 —e _x , prove that 

«) w £-*■ («•> £ ( ^=“ 2+ ^- 
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Exercise XXVI-B 


1. Find the equation of the tangent to the curve 
y = log x at the point for which x=a and find a so that 
the tangent may pass through the origin. 

2. Prove that -f- -^- = 1 touches the curve 

“ b 

X 

y=be 

at the point where the curve crosses the axis of y. 

(P. U. j951). 

3. Find the equation of the common tangent to 
y=log x and t/=r log x at their common point. 

4. Show that the sub-tangent is of constant length 
for tho curve y=a x . 


X 

5. iShow that in the exponential curve t/*=6e° tho 
sub-tangent is ot constant length and the sub-normal 
varies as tho square of the ordinate. (P. U. 1961). 


oc 

6. Show' that in tho curve y—a log sec — the ab¬ 
scissa at any point varies as tho angle which tho tan¬ 
gent lino makes with the axis of x. 


7- Prove that tho length of tho normal for the 

X " X 

C 9 c 

chainetto ?/ = k --( e -fe ^ 

varies as the square of the ordinate of the point. 

8. Show that in the curve y=a log (x 2 — a 2 ), the 
sum of the lengths of the tangent and the sub-tangent 
vary as the product of the co-ordinates ot the point. 

9. Find tho maximum and minimum values of, 


(0 .rt x , (ii) , * . (»0 e x sin x. 

Og x 

10. Find the least value ofat cx -f bc~ ci . 
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11 . 


12 . 


Prove that x x has a maximum value for x=e, 

(P. U. 1943). 

Find the maximum value of-* log x. (P.U. 1944) 

X 

Show that the function ^ is maximum when 


13. 

x=\ /e. 

14. If y=x 2 log-——— , 6howthat the maximum value 

X 

of y is 1 l'2e. 

15. Show that the maximum and minimum values 
of (1 —a:) 2 e x are respectively 4/e and zero. 

8’7 Derivative of a variable with variable exponent. 

Let y = u v (u>o) 

where both v and v are functions of x. 

Taking logarithm of both sides, we have 

log y=log u s = v log u 

Differentiating with respect to x, we have 

£ dy 

y dx 

dif r. dv v du-% dv 

~y == 7/ I log v — A -1 =«' log u — -f 

dx J L b dx xl ax J b dx dx 

Note. In examples of this kind, it is simpler not 
to use the general formula obtained above but to take 
the logarithm of both members before differentiating. 

Examples 

Ex. 1. Differentiate x x . 

Let !/«=z*. 

Then log y—x log x. 

.*. - d r* =s !h- x log X 1=1 * log x+x -~i =l0g x+l 

y (lx ax x 

~ =1 J [ lo 6 x + l ]=y lo 8 {ex)=x* log (ex), 
ax 


d r , -i « dv l du 

— \v log u\= log u —— v— •— 
dx 1 b J b dx ^ u dx 


vu 


v-l 


du 


1G2 


FUNDAMENTALS OF CALCULUS 


Ex. 2. Ify=.x 9 ‘° find||. 

Hero log y = sinz logs. 

— -y- = logs (sinx) -f (logs) sina? 
y dx b dx dx b 


= COS X log 3in X. 

X 


Hence = .r 8 ‘ ux ["cos x log x 4- sin rl. 
dx L ® x J 

Ex. 3. Differentiate a: x -|-x Bl0X with respect to x. 

(P.U. 1944) 

Let y=x x + x 8,n * = 

du du . dv 


= -l 
dx dx dx 


=x x log (ex)-Fx 8,! » 1 £cos x logx-f- 


siti.r 


(From Ex. 1 and Ex. 2) 

Kale, The student is warned against committing 
a mistake of the following type in such questions : — 

y=a:*-|-.r M:,x ; leg y=xlog.r+sina: log.r. 

In such cases, the derivatives of the two functions 
should bo obtained separately and the results 
added. 


Exercise XXVII-A 


Differentiate : — 


1. (i) * . 

oK") (*>''• 

J° ex ■ 

(x) (sin x) los * 
{xiii) (l+ *-). 


O r 

o,*.C 


(*'«) (i+*T . 

(v) {e*)*. 

, ... tan _1 x. 
(vmj x 

{xi) (logx) 9,nx ' 
(xiv) (cos - 1 x)f 


(Hi) x • 

(t’O 0°g*) x - 

(ix) (tan _1 x) r 
(xii) (cos x) r . 
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2. (t) (1 + z 2 ) 7 * (P.U. 194$) 


(in) (tana:) 


(iv) 

(») 


1 

z 


z x -\- (cosz) * 
tan x 


-f (tan ax )“ 


(vi) (sin a;) tan x + (tan X) t[ax . 

3. Find when y=sx x -\-x*. 
dx 


(ii) (cot*x) x 

(P.U. 1945) 
(P.U. 1949) 


(P.U. 1950) 
(P.U. 1952) 

(P.U. 1952S) 
(P.U.) 


871. The differentiation of certain complicated 
functions becomes simpler by taking logarithm be¬ 
fore differentiating. 

Ex. 1. Differentiate 


z\/l+x 

(0 y= -» 


(tt) 2 


_ ll—sevx 
— N/l+soc 


cosec x 


-t-soc.*; 


(l+a; 2 )^ 

(i) Using the laws of logarithm, we have, 
log y = loga:+ 4 log(l-f-a:) —§ log(l-f 2 2 ). 

Differentiating with respect to x, we have 

1 _ 

2 

2n->rX)(\ + r 2 )+xt\+x t )-W(l+x) 


l i. i A. 

y dx x 2( 1 -f x) 2 1-J-a; 2 


“ 2*(l+xXl+**) 

2+3*—4**—3a? 

= 2x(l+x)(\+z*) 
dy xjl + x 2+3z-4x a -3z> 

dx ~(l +z 2 )* X 2X( 1 "t* 3 ^ 1 +**4 

2-f 3r—4a: 2 —3a: 3 

vi+* (i+xrf 
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(«) Here log 2 =log cosec x 4- 4 log (1—secx) 

— £ log( 14 -seex) 

1 dz — cosecx cotar t —secx tanx sec x tana ; 

' * ~ = cosecx 2(1—seclc) - 2'1-j-secx) 

2 secx tana; 


z ax 

= —cotx 


2(1—aee 2 x) 


secx tanx _cosx , 1 

_ — cotx + tttI1 2 a . — sinx 6 inx 


1—cosx . x 

— ; -=tan - 

sin x 2 


dz . x 
~r= z tan— 
dx 2 


= tan — cosec x>Al—tecxj/ti+sec*) * 

dv x x . toco 

Ex. 2. Find -p when y=x 

ax 

We have, 

y* as * y » 

\ogy=y log x 

Differentiating with respect tox. wo have 

1 du du 1 du . dy y z 

Z+ V- ~ ««■ d =y '°g * dx +x 


X 

o 


t.e. 


y dx " c ~ dx 

du i 

(l-t/log?) dx = - 

dy = 


y 


dx a\l— y logx)' 

Exercise XXVII-B 


Differentiate: — 

1. (i) (2x+a)“(3x-fl) B , («) - 

(* + 2) 3 


k /x+2 


V2-x • 
2 


(Hi) 




.. x2(-»+x) 3 

(,l,) (3 + ,)- 



DIFFERENTIATION OF LOGARITHMIC FUNCTIONS 165 


(*>) 


(*+!)* 


(*-2,* (*+3)» 


m /*<* 2+2 > a 


*+i 


(P.U. 1945) 



2. AO 


ein m x 

COb u X 


/ 1 —COS * 

fs/ 1 +cos s' 


<"*> rs/r- 


1 -f-tan x 
tan x 


ttv) 2 x e 


sin -1 * 


. (P.U. 1950) 


3. 

4. 


(y) a- x .e 

(i) 2 X cot x/\/x. 

Find when (i) y=aH-^ 

*+“ 

00 f- 


(P.U. 1951) 
(it) x x sin a: 0 . (P.U. 1947) 


*+... to co 


(tit) t/=(coa x)( COB x ^ 


(cos a:)...to co 


/ 



CHAPTER IX 

SUCCESSIVE DIFFERENTIATION 


Derivative of the derivative is called a second 
derivative, the derivative of the second derivative is call¬ 
ed the third derivative and so on. The fir.-t and higher 


derivatives of y=f(x) are denoted by 


dy d-y d n y 

dx ’ dx 2 ’ .* dx** 


the last being a derivative of the nth order. They are 
denoted also by y lt y 2i y 2 ,...y a or by J\x), f\x), 

./“(*)• 

Wo now find the derivatives of the nth order for 
some functions of x. The derivative of any other order 
can bo immediately deduced from them by the substi¬ 
tution of the proper value of n. 

9 - 1 The nth derivative of (ar-f b) m where in is any 
rational number, 


Let y = (az-j-6) m 

then y 1 =am(az+b) m - 1 

y.,=a*m(m—l) (ax-fM™- 1 

y J = a 3 rn ( 7 / 1 —1) (m—2) (ax + 6) m_3 . 

yn=a n m (m— 1) (m—2).(m—n+1) (ax-f-b) m-D 

(l) 

Cor. (0 If y=x m i 

then y a = m (in— 1) (m — 2).(m —n + l)x m “ n 

(it) Further if in is a positive integer and m=n, then 

l/m-in [in— 1) (m —1).2‘l=/n ! (a constant) 

and therefore, yn f i = 0 =y n i 4 . 2 =\t/ m ♦.,-••••• 

j. e. when in is a positive' integer the derivatives of 
a m or of of the order higher than in, all venish. 

(Hi) When the index in is a negative integer or a 
fraction, positive or negative, the nth derivative does 


ICO 
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not vanish for any value of n, as the power of ax+6 
or of x does not vanish in that case. 

Note. The general result of the equation (1) is 
written down on the analogy of particular cases but if 
necessary, a proof by the method of induction, can be 
given as follows : — 

Assume y r =a T m(m — 1) (m—2)...(w — r-f- ])(ax-\-b) m ~ r (t) 
then differentiating this equation, we have 

y r+1 =a r+1 wi(wt — l)(m — 2).(m- r+ \)[m—r){ax-\- b) m ~ T ~ l 

(it) 

This is the same as (t), the integer r being replaced 
by r-f-1. Thus if the general result (1) is true for the 
order r, it is also true for the order r-f- I. Hence the 
result follows. This note will be found applicable 
to other cases also. 

9‘2. The nth derivative of e mx . 

Let /(.r)=e mx 

then f'(x)=me mx , f" (x)=m 2 e mx 
f"'(x)=m 3 c mx and so on. 

Hence f n (x)=m D e nuc . (2) 

Cor. If ra=l,/ D (x)=c x i. e. e x remains unaffected by 
differentiation. 

Note. As indicated in note of Art. 9*1, wo can prove 
result (2) by induction. If f r (x)=m r e ,ni then 
/*"♦*( ■)=m T * 1 e mx , so that if the result is true for n—r\ 
it is also true for n—r-f-1. 

9*3 The nth derivative of a x . 

Let y=n x then y,=a x log a 
y 2 =a x log a. log a=a x (log a) 2 
y 3 — a x log a (loga)*=a x (log a) 3 and so on. 

Hence y n =a* (log a) D . .( 2 ) 

Note. —Since any quantity z=el°® * we can write 

a \ = e lo 8 aX =c * lo 8 a * 

Hence -~ Q (a x )=(Iog a) n e X ° by Art. 9 2 


= (log a) n a x - 
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9‘4. The n Ik derivative of sin ( ax-\-b ). 

Let y=sin (ax+b) 

% 

i 77^ V 

then y\—o> cos ( ax-\-b)=a sin(aa;+ 6 +) 

[V sin (| r,+Q)=cosQ.] 

y 2 =a 2 cos ^ az-{-&-f —^a ^sin ^ ax+b+ 2. ^ 

y 3 ==a 3 cos (az-ffc-f 2*-^-)=a 3 sin ( az-j-6-}-3. 
and so on. 

Hence y„=a u sin ^ax+b + n. ...(4) 

Cor. If t/=sina x, y a =a n sin (az-f-n. 

^ W.|h 

and if y =sin x, y 0 =Bin^.r+n 

I 

9*41. The nth derivative of cos (ax + 6 ). 

Let y= cos (ax+b) • ' f 

then Dy=—a sin(a:c-|- 6 )=fl^ co?^q:c-f 6 -l— 7 ~) 

[ v cos (4 @)=—sin0.J 

D 2 y=—a 2 sin^az+ 6 -f-^J=a 2 cos£ax-f 6 + 2 . J 

and so on. 

Henco D u y=a n cos £ ax-j-b+ti. t-I 
Cor. If y = cos ax, D D y=a a cos( ax + n. 

•5 

and if y = cos x, D n y=cos (x + n. 

9 5. The nth derivative of ■ -^- 7 —’ 

ax-i-b 
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Let y=-^ir= {az+br ' 

then y x =-Q{ax + b)-\={ -\)a(ax+b)-*. 

« 2 «1 ■ 2a-’(«*+ft)- 3 «(—l)*2 ! a*(ax+b)-* 

t/ 3 = —1.2.3 a 3 (ar+i») -4 = (— 1) 3 .3 ! ^(ax+b)-* 
and so on. 


(—l) n n! a n 

y n =( —l)" w ! o° (ax-\-b)-°~ l = {axi . b) ^i 

„ . TC i r-i) n «! 

Cor. (») if */— x ^ b » v° { X +b) a ' u 


...(5) 


1 


(-l)"n ! . 


X 


Vo ~i\ t 1 


and (t'i) If y = 

9 6. The nth derivative oj log (ax-\-b). 
Lot y= log (ax+6) 

then y,= -t-t .«= a(«*+&) _1 


- ^*Vi 


^ ax46 

y -a(-\) (fla; + 6)-*a = (-l)a 2 (ax + 6)-*- 
7 ^ = (_1) (_2) a 2 (ax+6)- 3 .a = (-l)‘- 2 ! a 3 (ax4-&) - ' 
Similarly y 4 =(-l) 3 3 ! a* (ax+b)~* and so on 
Hence y D =~( -l)"" 1 (n— 1) ! a\ax+b)~° 

(_ l)o-i(7i-l) ! on 

““ (ax+6)“ 

(_l)o->(»—1) ! 

Cor. (t) If 2/—log (*+&)» 2/o=-- 


(u) If y=log s, y n = 


(-1)0-1(77-1) ! 


11 


Note. Compare this with Art. 9*5. 

Examples 

F- 1 Find the nth differential coefficient of 
tX * cos 2 *. (P.U. 1931) 

Let i/ = cos 2 *=|.2 cos 2 x = J4*i cos 2* 

by Art 9.41, y a =\. 2“ cos ( 2*4-n. |—) 


170 


FUNDAMENTALS OF CALCULUS 


2*>-iccs 


( 2 * + f )' 


Ex. 2. Find the 7?th differential coefficient of sin 3 x. 

(P. U. 1949) 

Here y— 8in 3 x=J. 4 8in 3 x=£ (3 gin x— sin 3x) 

Hence by Art 9 4, 

Vu — \ sin (x-fin-)—3 n sin(3x-}-£n7r) 

Ex. 3. If y = sin 3x cos 2x, find y n . (P.U. 1950) 
we have y = h (sin 5x + sin .r), 

y* = l [5“ sin sin (g-{-$Nir)]. 

Ex 4. Find the ?ith differential coefficients of 

(0 — 1 . - {») 1 


x*-a 2 


(*) Lf,t y = _*■ 1 .. 

x- — u- 


1 


(X-U) (x-fu) 


Hence by Art. 9 5, y n = ~ 


(x + a) 5 

= L r— 

2u L x— a x-\ a J 

] 


l-\)"n ! 


II + 1 


x-} 

(-l) n n! 
(x+a) D + l 


(ft) Hero 


1 


1J= [t+a)> = l X+a) ~ S 


y 1 = “ 5 (^+«)- 8 , y 2 =-5 ( —G) (x-fa)- 7 

= (-l )^(^«)- ? 

t/ 3 =-5.6.7 (x+a)-8=(_i)3 J_j.( x+a )-8 

Hence y :i = ( — l)i ^ ! . _ 1 

9'7. Th•> nth differential coefficient of e ,x sin 6x. 
Let y=t aK sin 6x 

?/ 1= =a « a; sin br-\-be A< cos bx 
— t“ N [ / .-in bx 1 b cos 6x] 

Put o = /j cos 0, b —tc sin 0, 
so that k= s / a 2 _ r ^T and tan 0 = —, 


(1) 
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then we have 

Vi =t « (a 2 -f-6 2 )‘[cos 0sin bx+s\n G cos bx ] 

=c* x (a 2 -h^ 2 )” sin (bx-\-G) •••$) 

Comparing (1) and ( 2 ) it is evident that y, Is ob¬ 
tained, from y by increasing the angle bx by G and by 
introducing the factor Va»+fc*. B y a sim,lar °P eratl0n 
on y x we have 

y 4 =(a 2 +& 2 )V* sin (6z + 20). 

Similarly y 3 =(a 2 +6 2 ) 5 V sin (6*+30), 

and hence y D = (a 2 +6 2 ) 2 > x sin (6a:+n0), 
where G is given by the equation tan G— — 

, 6 

or @ = tan • 

a 

9*71. The nth derivative of e K cos 6a;. 

Let y=t Ki cos •••(!) 

then y x =ae ox cos 6a;— be.™sin bx 
=e ax (a cos 6a;— b sin bx) 

Put a=k cos0, b=k 8in0,so that fc = - v /a s! +6 3 ,tan6»= 

/. 7 / 1= =fc“ x ^ (CO80CO8 6a;- sin# sin 6a;) 

=e ax (a 2 -}-6 2 ) - cos (bx-\-Q) •••(-) 

Cam paring (l) and (2), it is evident that y x is 

obtained from y by increasing the angle bx by Q and 

by introducing the factcr (a 2 +6 2 )^ 

By a similar operation on y x , we have 

y 2 =(a*+6 2 )* t ax cos (6a;-f 20) 
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s 


simiUrly 7/ 3 =(a 2 4-h ? )* fc ax cos (for 4-39) 


Hence t/„=(a 2 4-& 2 ) 5 t“ x cos (bx+n9) 

where 9 is given by tan 0= ^ i.e. (? = tan -1 — 

a a 

9'8. The formulae obtained in this chapter are 
collected for reference. 


1 . y=z™ 

2 . y=c mx , 

3. y = « x , 

4. ?/ = sin ax, 

5. y = cos ax, 

1 


y n —in(m —l)(m —2h..(m—7t+l)i 


ni-n 




2/n=fl x (log a) n . 

J/n= a" sin [ajf+».-"-]. 

y li =a° cos [ar+n.,' ]. 


6. t/ = 


x-|-a * 


_ (-1)" w ! 

y "~ (x+a) u ’ 1, 

7. y=log(*+a),y n «->~ a) n- 


n 

8 . y= e nx sin 6r, y n = (a 2 -j-6 s ) 2 e“ x sin (bx-\-n9) 


9 . y=t ax cos lx, y n =(a 2 + &V t BX cos (6x-fn@) 

where tan0=—. 

a 

Exercise XXVIII 

Find the 7ith differential co-efficients of: — 

1 (*) (ax + l)''^ (ii)^* x4b (tit)a 6x 

(i>) y c 2 x_ € -2 x ( r ) log (5x+C) (ei) log(I-fx)^ 

(n't) cos (3x4-4) 

2 (0 eirr-c >> (P.U. 1!US) (ii) cos** (P.U, 1952) 

(in) sin l>x?m 3x(P U. 1951) (iv) 3 2 * (P.U. 1950) 

(r) sin \/2x (P.U. 1951) 

(rt) log (f/x4-x ; ) (P.U. 1942) 
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ivii) 


1 


+ 1 ) 

1 


( Vllt ) — (a 4 - 6 ) x+ab 

, 2.T+11 

<•*> -*T-r 

3 (t) sin 5a; cos 3x 

(«0 77 , 1 


(P.U. 1948) 
(P.U. 1941) 
(P.U. 1943) 


(aa+ 6 ) a 

4 (i) e x sin x ^ (P.U.) 

(in) e 5 * sin a; (P.U.) 

5 \{ y — e ax sin 6 a;, show that 


(it) log (6 + 5x + * 2 ) 

(»>) ~r 1 


(3 —2x > 3 
(it) t x cos y/3x (P.U.) 


-&-+(*+*) z/= 2 a rfy 


dx 


(P.U.) 


(P.U. 1953) 

(ti) If y=a cos (log x )+6 sin (log x), show that 

x*- 2lJ -+x- !1 +y = 0 (P.U. 1950) 

dx“ T c/x n * 

(itt) If t/=sin “ 1 x, prove that 

(1—x 2 )»/ 2 —xy x =0 

(tv) If y=(sin - 1 xf, show that 

(1 —x'-)</ 2 —xt/j=2 (P.U. 194j) 

g (i) If y= log (1 + COS x), prove that y 3 +2/)!/2 =0 
(ti) If y=x l log x, prove that !/c+—a =° 

(iii) «y=4a (x— 6 ), show that =0 - 

(P.U.) 

9,9. Leibnitz’s Theorem*. ITAe n(/» differential co- 
efficienl of the product of two functions. 

Let t/ = uv where v and v are functions Of x and let 
suffixes denote differentiation with regard to x. By 


•Not included in the Punjab University Syllabus. 
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differentiating successively, we have 
y l =u x v-\-uv l 
y l =UM-\~2u x v x -{-uv i 
y 3 = u * v +3 u ,v x 4- 3 u x v t +uv s 
Pi =« 4 ’-’+4wjf 1 +6 i/ 2 v 2 -f- 4 Wjfj-f uv x 
and so on. 

It is obvious that the suffixes of u and v and the 
numerical co-efficients of the various terms correspond 
respectively to the indices of x and a and the co¬ 
efficients of the various terms in the expansion of 
(x-f«) n by Binomial Theorem. 

Assuming that this holds true for all the derivatives, 
we have 

v(n— 1) 

y a =u n v + n u n _! i\ -i-j-j—u n - 2 f 3 +.~ 

-f.+ 

This is Leibnitz’s Theorem for the nth derivative 
of the product of two functions and can easily be 
proved by the method of Induction. 

Examples 

Ex. 1. If i/=x\ hx find, 7/ n . 

Let u — e bx and t»=.r 3 

then u 1 = bc bi , u 2 =b-e bx .. w u e=& 0 c b * 

and r, = 3.r 2 , r,= 6r, t> 3 = 6, r 4 —r-.=0. 

By Leibnitz's Theorem, we have 

7? f 77 — 1 ) 

= -ttn- 3 «'* +. 

W J 

=fc n c bx .* 3 +a»6““ , e*»* 3x 2 +-~.f~ x — 6"-*e bx .O* 

+ «C« = l)(n-2) ()n - a e „ 6+0 

O' • 

— b n ~ 2 c bx [/> 3 x 3 -}-3n/< 2 x 2 -l-3n(n — l)6x-|-n£n — l)(n—2)] 

Ex. 2. If »/=r s sin a\ find y n . 

Let ?/=sinx and v—x 2 , ihen a„=sin (x-f Inx). 

and «’, = 2x, r,=2, v 3 =v 4 =... .= 0. 

tt(n —1) 

y n = UnV + «M»-it’ 1 +- - lf„- a t',4-. 

# 

= x 2 sin [x-bjn n]-}-2nx sin [x-f i (n — 1 )rr] 

+ «(« — 1) sin [r-f-J (n— 2)s]. 
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Ex. 3. Apply Leibnitz’s theorem to find y n for 

the following values of y : — 

(»> ae x . (ft) ** e bx , (tit) ***. 

(tv) a 3 4 sin a. (v) a 3 log x. 

Ex. 4. (a) Find when y=~. 

d 5 6 u 

(6) Find by Leibnitz’s Theorem“ when 
(/) y=x 2 cos 3a. (it) y=e x sin 2a. 

d*y 

Verify Leibnitz’s theorem by finding otherwise gj 

Revision Questions IV 

1. Find the limit of the following expressions : — 

Xti ~- when a-»l.(ii) ( l + when a~>co. 

(P. U. 1950) 


(0 


a 


(••) 


^ 1 when a-»oo. 


(P. U.) 


2. Show that the =1 * 

3. Differentiate the following with respect to a 

(i) y =log sin a. (it) J/ 3 =M ax. 

Verify in each case that-g- X g“l. (P* U.) 

4 . Differentiate. 

(i) y=B in [log (tan a)], (it) t/=a log sin a. (P.U.) 

5. Show how to investigate the differential co¬ 
efficients^) f functions of the form 

/(a) x <f> (a) and [/(a))^ . 

[Hint. Put /(a)=« and <£(a)=v.]. 

6. Differentiate with respect to x 
(i) sec a tan a-f log tan 

e x —e~ x 


(B. U.) 


(P. U.) 


(«> lQ g e^e-' 
(iv) xy(x-y)=2a\ 


(tit) log (cos x-b-v/ — 1 sin a). 

\P. U.) 


CHAPTER X. 

EXPANSIONS 

10*1. A series consists of a number of terms con* 
nected by the signs -f- and — written in a definite 
order, where each term is formed from the preceding 
one by somo definite rule. 

Familiar examples are arithmetic, scries, geometric 
series and serio* obtained by expansion of a binomial 
of the form (.r-{-a) n . 

1011. Finite and Infinite series. When the number 

of terms in a series is finite as in the case of (x-ffl) n 
when 71 is a positive integer, the series is said to bo 
finite. It is said to bo an infinite series when it is of 
the form 

Vi+Wj + Wj-f-.+ w n4-. 

i. e. it eonsi-ts of an unlimited number of terras and 
has no last term as is the case with (x-f«) D when n is 
not u positive integer. 

10 12. Sum of an Infinite series. The sum of a 

finite series is ine/ely the algebraic sum of nil the 
terms and can always ho lound by direct addition. 

On the other hand, an infinite series has no sum in 
the ordinary sense of the term, since no matter how 
many terms we might a Id up there would always be 
an infinite number left over. 

In this case by the sum of the series we mean the 
limit of sum of n terms of the series when n tends to 
infinity, so that, 

Definition. The sum of an infinite sciies (s) is the 
limit, if it exists , , f the sum of thi first n terms (s n ) of 

J ^ ^ 

the series as n increases indefinitely, i.e. 5= . 
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When this limit exists and is finite, the series is 
said to converge , if it does not exist, the series is said 
to diverge. 

In the elementary applications divergent series are 
of no importance. An infinite series has a definite 
value only when it converges. Before being able to use 
a given series, we must determine whether it converges 
or diverges. 

10*13. Ratio test for convergence. If T n + 1 be a 

general term of a series and T n . the term preceding it, 

Lt T 

then if - <1 numerically, the series is con- 

l n 

vergent. 

This is only one of the tests for convergence and 
is applicable to most of the ordinary cases, e. g. for 
the well known geometric series 

a+tfr+ar 2 -f-ar 3 -f : . • 

T D4 .,/T n = ar n /ar n-1 =r, so that this is convergent when 

— 1 <r<l. 

1 

102. L ct us consider the expansion of --or 

X ““ 

I 

(1-j)- 1 , By the ordinary process of division in 
algebra, we obtain • ■ 

T^ a,+ * + i^r ' .<». 

t L_ sl+x+x * + -*-. . (2) 

T ± r =l+z+x'+x‘+ 1 ^ r .( 3 ) 

- If the division is carried on further, wo obtain 

other indentities and, in general, • ( 

jhi s - l+x+xi+ . +*“-■+ -j.(4) 

The last term z Q j(l— x) is called the remainder 
the nth term. . , 
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These equations give the expansions of (l—x )' 1 in 
finite number of terms and they are identities 
satisfied for all real values of x. For example, if 
we put x=2 in (3), we get 

-1= 1 + 2+4 + 8+ -i 6 T) =15-16= - 1. 

i - M 


10 21 Wo now consider the possibility of expand¬ 
ing ( 1 — x)- 1 in series of positive integral powers of 
x by the method of calculus. 


Assume. (l--x) -1 = a +6x + cx 2 + rfx 3 +ex l + . (1) 

Differentiating repeatedly, we have 

(1-x)" 2 = 6 + 2c.c+3d.r 2 +4ex 3 + .(2) 

2(l-*r 3 =2c+6c/xf 12ex*+ .(3) 


Putting x=0 in each of these equations, we get 

a=l, 6 = 1 , 2 c =2 i.e. c=l and so on and thus 

we get 

(1-x)- 1 «l+x+x*+s 3 +x*+ . +x+x n+1 + ... (5) 

This process appears to have no end and so we get 
an infinite series which has a value only when it is 
convergent. 


In this 


case 


Lt. T 


n*l _ 


Lt 


7!—) 3D T n n-*x> 


J-D-M 


x n 



This is less than 1 numerically only if x is so x.c. if 
-l<x <1. 

So that (5) holds true only when x<l numerically. 
This can be seen by putting x —2 in (5), we get 
-l = l+2 + 2* + 2 3 +2< + ... = 1 + 2 + 4 + 8 + 16+ . 

which is obviously absurd. 

Thus if we assume (1—x )' 1 to be equal to an infi¬ 
nite series, it will hold only if x< 1 numerically. 

H< nee, in general, if we assume a function f(x) to 
be capable of being expanded in an infinite series of' 
positive integral powers of x, the series will hold true 
only for those values of x, for which the series is 
convergent. 

Note. Equation (5) could bo obtained also by 
the application of Binomial theorem. 





EXPANSIONS 


179 


1022 . Particular cases of certain functions are 
met with in Algebra and Trigonometry. In calculus 
we obtain expansions with the help of an impor¬ 
tant theorem known as Maclaurin’s Theorem. 

It is also known as Stirling’s Theorem. Calculus 
methods will be found simpler and more general. 

10*3 Maclaurin’s Theorem. 

If fix) is capable of being expanded in an infinite series 
of positive integral powers of x then. 

f(x)=f(0)+xf'(0) + *;f"(0)+*| f'"(0) + ... .. 

where f{ 0 ), /'( 0 ) /'( 0 )...are the values of f K x) and its succes¬ 
sive differential co-efficients for x=0. 

If the function fix) is capable of being expanded 
in an infinite series of positive integral powers of x, 
let 

/(*)=A+B*+Cx 2 -fD.r 3 -|-Ex 1 -f- . ... (1) 

where A,B,C.are constants whose values we have 

to determine. 

Differentiating successively with respect to x we 
have 

f'(x) = B -f-2Cx4-3D>*-f4E.c 3 + .. (2) 

f"(x) = 2 C-f2*3Dr-f3.4Ex 2 + . (3) 

/'"(s)=2.3D + 2.3.4Ex+ . (4) 

and so on. 

Since equations (1.) (2), (3) etc. are true for all 
values ofx, they are also true for x=0. 

Putting x=0 in the equations, we obtain 

from (1) /(0) = A i.e., A= f( 0) 

from (2) /'( 0 )=B or B = J'(0) 

f"( 0 ) 

from (3) /"(0)=2C or C= 

f"'(0) 

from (4) /'"(0)=2.3D or ^=- 37 - and 60 on - 
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Substituting these values of A,B,C...in (1), we have 

f(jc)=f'0)+x f\0)+-f"(0) + 3 j f'" (0)+. 

Note. This should not bo regarded as a proof 
of Maclaurin’s Theorem. A formal proof is beyond 
the scope of this book. 

10’31 Failure of iVfaclaurin’s Theorem, (a-) This 
theorem fails 10 expand any function of x say, /(a:), 
when ]{x) or any of its successive derivatives does not 
exist or is infinite for x = 0. 


(b) Expansion of f(x) by Maclaurin’s Theorem also 
fails for those values of a* for which the corresponding 
infinite series is not convergent. 

For example, if /(x) = log x, /(0) does nat exist and 
hence log x cannot be expanded in a series consisting 
of powers of x. 

Again as seen before, (1— x)“ l cannot bo expand¬ 
ed if x is numerically greator than 1, for in that case 
the series is divergent. 

Application of Maclaurin’s Theorem 


10 41. Expansion of sin. x. 

Let /(x) = sin x, /(0)=0 

/'(x) = cos x, /'(<>)= 1 

= —Pin a*, /"»(>)= 0 

jf '[ r ) = — cos x, / "((») = -1 

/‘ v (x)= sin x, / ,v (0) = 0 

/'(j-) = + COS X, /'((») = 1 . 


By Maclaurin’s Theorem, we have 


/(*W( n )+*/'( °) + 



/"( 0 )+ 


X 3 

3 I 


/"'( 0 ) + 



Itencc 


sin x 





Differentiation both sides 
respect to x, we have ^ ^ 


x- , x 

COS X - 1 r» I * A I 


2 14 ! 


of this equation with 





EXPANSIONS 


181 


This can also bo obtained directly from 
Maclaurin’s Theorem. 

Note. These series are convergent for all real 
values of x. 

The terms are alternately positive and negative 
consisting of odd powers of x in the case of sin x } and 
even powers of x in the case of cos x. 

10-42. Logarithmic Series. Expansion of log (1+z). 

Let /(*)=log(l+ar). /(0) = log 1=0 

then /'(*)= ji^=( 1 +*'r 1 ,/'(0)=l 

/"(*)=-(1+z)- 2 , /"(0) = -l 

/"'(*)= 2 ( 1 + *)-=», /"'(°)= 2 

/>'(*)=-2.3(1 + x)-\ />■(«) = -2.3 
/v(*) = 2.3.4(l + ar)- 6 , /'( 0 )= 2 . 3.4 and so on. 

By Maclaurin’s Theorem, we have 

/(*)“/(0)+ a / / (0)+-^jj-/ ## (0) +. 

/. log (l+x)= 0 -|-x+-^-| (-lj+^j ( 2 ) ++ - 


X 2 x 3 x‘ 

Hence log (l+x)=x —— + ^ +. 

Note. The logarithmic series is convergent when 

— 1 . 

x 2 x 3 x 4 

Cor. (t) log (!-*) = -*—^-— i . 


(it) log(l + *) m = m ( *- 





10 43. Exponential Series. 

Let /(x)=a* 
then f'(x) = a z log a 
f'\x)=a z ( log a ) 3 
/"'(*) =a x (log a ) 3 
and so on. 


Expansions of a x , e*. 

\ /(0)=1 
•. /'(<>) = log a 

*. /"(0)=(log a)* 

■ .T'(0) = (log a) 3 


• • 
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By Maclaurin’s theorem, we have 

•: f(x)=m-rxf’{0)+~ f / (0)+^ T r / (0) +. 

Hence a*=l-f x log a-f— (log a) 2 +-|-j(log a) 8 -f...(l) 

To obtain the expansion of e x , we put a=e, so that 

log a=log e=l. 


Hence e^-1+*+ *-+”+. 

.(2) 

Cor. Putting a; = l in (2), wo have 


e = 1+1+2-,+3T + . 

.(3) 


Note 1. Equations (1) and (2) are true for every 


L n + l_ 

T n 


O* 


n+1 


X 


4-—=—^->0 


real value of r. For, m (>+1)| . „ +1 

as w—»co, for all values of x, and thus the series 
(2) is convergent. Similar is the case (1). 

2. Equation (2) can be obtained directly from 
Maclaurin’s theorem. 


10.44. 

Let 

then 


Expansion of sin" 1 #. 


f(x)=am- i x, 

m=o 

< i * 2) 7 

m=1 

/"<*)«*(!-**) 

no)=o 

/"'(*)=(1 - x n -)~* 4- 3* 2 ( 1-x 2 ) - * 

rx o)=i 

/ lv (x) = 9 x{ 1 — x-) “ * +1 o.t 3 ( 1 — x 2 ) “ 

V lv (0)=0 

f v (x) =9( 1 —a; 2 ) - etc. 

o 

T 


and so on 

Substituting in Maclaurin’s Theorem, we have 


2 

8 in->z= 0 +z(l)+-| 1 (0)+^-j (l)+-J-j (0)+ g-,(9) + ... 
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Hence sin _1 x=“x-f • 


*.+! 

3 2 


3 +. 

4 * 5 + 


Cor. Patting x=l and multiplying by 2, we have 
n . l 1 . 1 ' 3 1.1 3 5 1 


-— = 14- 
3 r 8 


3 8 


16 


5 




16 24 


T + *~ 


Binomial Theorem 

• /( 0 )=a° 

/'(()) =«a n - 1 
/"(0) = n(n-l)a D - 2 


from which we get ~ = 3'14. 

10*45. Expansion of (a 4"*) n « 

Hero f(x) = (a+x)° 

/'(*)=»( a+x) n ~K 

f'\ x ) =»(» — 1 )(®+*)“”*• 

and so on. 

(i) When n is a positive integer, the nth diff. co- 
efF. will he n !, a constant, and the differential co¬ 
efficients of the higher order will vanish and thus the 
expansion will stop with the term x". 

Hence by Maclaurin’e Theorem 

(a+x) n =a n +na*-'x+^^y :) a*- i x i +...+x*. 

(») When n is not a positive integer, the process 

of differentiation never comes to an end and hence we 

obtain the infinite series : — 

, , w(n — 1 ) n _ 2 *> . 

(a tf)n=a n 4" na n- 1 x4- - ^ C a x “~r . 

Note. Putting a=l, we get 

n(n— 1 ) « 

(l 4 -a:)n = 14-nx4- **+. 

This series is convergent when — 1 <x<1. 

10'46- The series obtained so far are collected 
below for reference 


• • • • 


1. e x =14-x4-|- ! +3 X j' + 

. * , , i • , x 2 (log a) 2 , ^(log a)* 

2. a =14-x log a4- ^ 3 ! + . 

x 3 jl , . .. . . 

3. tin * c=x ”yi + "5l 7 ! + . 
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a * x® *" x® 

COS X=J—— ( + +. 

5. *«.-»+*+£+. 

6. log(l+,)=s-* s + * , _^ + ., 

& & 4 


7. 8in -, x=x-f 


_L x 3 _i_l 3 x 6 , 1.3.5 x 
2 - 3 2.4 * 5 + 2.4.6 ‘ 7 


8. tan-x=*-| + J|f-_*I + 

3‘ (l+x) n —l+nx-f--“ f ^x 2 + 


Exeicise XXIX 

Apply Maclaurin’a Theorem to the following expan¬ 


sions : — 


1. (i)e*=l+ x+ f|+f |+ 


C«) cos 0 = l-?!-f^-A 8 . 

2 ! ' 4 ! 6 ! ' 


a 2 x 2 


(Hi) e'*=l+az+ Y~ + 


m 


e*+e 


= 1+ n + TT+ 


(»> 2 x = l + x log 2 + (iMi)V 


( .. . , z 3 . 2 a : 5 

(t-t) tan .r=a:+ 3 -+— + 


, ... , , ar . a : 0 a : 7 

(m) tan _ 1 a;=a;-- +—- -f. 

o £ 1 

Deduce from this that 77=3.14. 

Obtain new expansions by differentiating each of 
these equations. 
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0 _ , , 1 X 2 , 3X 3 3.524 , 

2. (0 \Zi-fa;—!+ 2 x 2*.2 l + 2 a .3 I 2*.4 ! + 


(«) 


1 , 1 , 1.3 , 1.3.5 3 

—^_=i—--3+ „ .a 2 —b* 3 + 
Vl + J: ^ 


2.4 


1 


1 


1.3 


2.4.6 

1.3.5 


WjT=?- l +?*+rS + iA:** + 

a; being numerically less than 1 . 

3. ( a) Show that : 


(») log. (!+*) = [*— 


z~ 


X 


G 


(ii) log VI— a ‘ 2 = —-:j- 


+ 1 
a - 1 
4 6 

3 /^5 


4 -... J log, 


8 


• • • • 


/•••* i J l +* , x , x ■ 

(in) log ^ ^ — a* 4 " g ~H . 

( 6 ) Obtain the first few terms in the expansion of 


log. 


1 +s 

1 — X 


and hence calculate the value of 


log. - correct t) six places of decimals. (P.U.) 

4. Expand tan x by Maclaurin’s formula and 
verify by dividing the series for sin x by that for 
cos x. 

5. By expanding cos 2x by Maclaurin’s series, 
show that 

. 2 1 — cos 2 x x 2 2 3 x l . 2 5 x a 

Binz —2 — = 2 Tj—n+ 6 T+. 

Find also the expansion of cos 2 # and hence verify 
that sin 2 .t-f-cos 8 .r=l. 

6 . Show that (x—2)e x -\-x-\-2 is positive for all 
positive values of x. 

7. Use Maclaurin’s formula to prove that 

tan’ 1 (1+*)= V + T -? S +^-+~ (P.U.1952) 
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8 . If 0 is the circular measure of an angle, so \ 
small that its 4 th and higher powers may be neglected, 
show that 

Bin@.= 0—£ 6 3 and co$9=l — IQ 2 . ; 

If a straight tunnel were to be bored through the 
earth from Delhi to Lucknow, a distance of 300 miles 
how much distance would be saved I [Radius of 
the earth = 4000 miles.] 


9. Compute to four places of decimals 

(t) sin 15°. («) sin 3°. (lit) cos 20°. (iv) tan 10 . 

(«0 V c - _ ift \ . 

10. If i = show that e =cos 0 -}-t sin@, 

and hence deduce e 4 '* =— 1 . 

Note* This is a wonderful result that e is an ex¬ 
act number equal to —1 whereas e is not exact being 
equal to an infinite series (see cor. § 10 # 43) f rc is not 
exact; and i is an imaginary number. 

10 5 Further examples* We now add a few 
more examples on expansion by Maclaunns theorem. 

Ex. 1 Show that 


o r 3 2 2 z 


2 2 a : 5 


03 r 7 


_ * 4- _*4_ 

*■ -t- 7! -t- 


••• ••• 


e* cow-1 +*- 6i 

Let f(x)=c* cost, then /(0)=1. 

Now >(*)=( V'2) n e x cos (ar+inx) 

J [Art. 9*71 when a=6=lj. 

Putting x=0 and giving to n values 1,2,3 etc, we 

ob, mW2 cos }-=i, rm-jvv aoii -zr\ 

f"'(0)=(\/2) 3 cos fs=— 2 / 1 '( 0 ) = (V-) cos.w- - 
V(ft)-(v/2l» cos^ tt = — 2 2 , /'. ( 0)=(VV cos07r=O , 

/ut( 0 ) = (v/2) 7 cos?x = 2V 2 cos(-£*) = ^ 3 . 

• by Maclaurin’s theorem, we have 
e* cosx=/(x)=/(0) +*/'(0) + 7T i f"( 0 )+ . 

2t 3 2 2 x 4 2 2 .r 5 ° 3 ~* 

3!“ 4! oT 


= 1 + *— ~TTi — - 




a • • ••• 
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Ex. 2. Apply Maclaurin’s theorem to expand 
£ 61 dx in powers of x upto 4 terms. (P.U. 1950) 

Let fx)=c*"* then /(0) = 1 

f(x)=e* lnx cosx /'(0)=1 

1 "(x)=c* 1 nx (cos 2 x—sinx) /"(0)=1 

/'"(x)=e s,nx cosx (cos 2 x— sinx) 

^_ c 3inx(_2cos.r sinx—cosx) 

=6 8,dx (cos 3 x—3sinx cosx—cosx), f"(0) = 0 

/ ,v (x) = e s,nx (cos 4 x— 4cos 2 x-f terms involving sinx) 

jf»v ( 0) = _3. 

Hence by Maclaurin’s theorem, we have 

x 3 


e«'‘nx = / (z ) = ^ ( 0) + x/(0)+ /'(0) + 3, n 0) + 


x2 


X 


= 1+^+2, (0 +3!(°> + 4!<- 3 > + 


• • • •• • 


= l+x + |x 2 -Jx 4 + .>... 

10.51 It is sometimes more convenient to obtain 
the expansion of more complicated functions with the 
help of known standard series, as given in Art. 10 46. 


Ex. 1. Expand e $,n x up to four terms 
Let z = sin x = x— Jx 3 -^....... 


then e Sin x =se* =l+*+$z 8 +|s 1 +*\ z l + 


= H-(x— *z 3 +...)-H(z—«i 3 ...) 2 

= 1 -f x—£x 3 -)-$(x 2 —$z 4 )4 ***+**•... 

= l + x-f lx 2 4 (J - J)» s -(i-*)* 4 + ... 

cal-f-X-f-ix 2 —gX 4 ... . • ■ 

Note. Campare Ex. 2.. Art. 10.5 where this expan¬ 
sion is obtained directly by Maclaurin’s theorem. 

Ex. 2. Prove that 

log(l — x+x 2 ) 

= -x+ix 2 + 2x 3 -Hx*-;x 5 - J 3 x«-}x 7 + ^x 8 ... (P.U.) 

We have, log (1— x-fx 2 ) J ' 

= log(l+x 3 )/(l+x) = log (1+x 3 )—log (1 -\-x) 

= (z 3 ~bx <i -\-...)-{z-\z 2 +& 3 -±x i -\-lx !i —hx* 

+4x 7 -4x 8 + ...) 
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= -x+^ + f x* + ix'-\x !i -$x (i -!ix7+lx (i +... 

Ex. 3. Expand ( 1 +sina:)* as far as the term 
containing x 4 . 

Let ?/=(l-f sin x) x , then 

log y — x log (1 -f- sin x')=x[sin x —4 sin 2 .r4-^ 9 > n x ••••J 
=x(x-^ 3 -f...)-H-K-K + -) a + K a; - 6 a;3 + **-) 

+ ••• 

— X 2 — 52 4 ->1( x3 + — ) + $(**+—) 

=x 2 -^+^z 4 = 2 , say, 

y=e*= \ +z-\-\z--\- . 

== l + ( x 2_i xa+ X r »4-...) + ^(x a -|2 3 +^ 1 + -) 2 

= 1+2-—li 3 -r Jx‘4-lx 4 4-... 

Hence (l+sin x) x = l+a ; 2 — £.'t 3 -f-I a:4 +. 

Exercise XXX 

Apply Maclaurin’s theorem to expand. 

1 (i) Sec x (P.U. 1949) 

(it) log cos a; (P.U. 1948) 

and deduce that 

*2 2x* 16z 6 . 


/•••» i * . . * v " i 

(m) log sec x= — ,+ ~6 F + " 

( iv) e x sec .r=l 4 -.r 4 -x 2 4 - 32 3 4 -Jz 4 +.»* 


A VA/ . 

+-er + 


2 ( i ) log (l-fsin *) (P.U. 1948) 

[Hint. First diff. co-eff.=sec x —tan x] 


(u) log tan + (P.U.) 

[Hint. 1st. diff co-eff.=sec x] 

(Hi) log(l+e x ) (P.U.) (»v) log (1 + tan x) (P.U.) 

3 Expand the following :— 

(t) log (1-fx-h* 2 ) (P.U.) («*) log (l+4*+3» 2 ) 

(iii) (l+x) l + x (P.U. 1943) (tv) log—-— 

(P.U. 19o2) 

(v) e x sin x (vi) e x /(l+e x ) (P.U.) 
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4. Bv using the expansions of the functions in¬ 
volved, find the limit of the following when x->0 : 


(0 

(Hi) 


xe x — \oq (1 -}-rr) 

“x 5 " 


sin x— .r-f£r 3 


(t'O 

(iv) 


x cos x —log ( 14 - x) 
x 2 

a x — b x 
x 


5. Find the values of the constants a and b ,so that 
the expansion of function 

x-f -a tan -1 x—b sin x 

in ascending power of x, may begin with the term 
in x s . 

6 . Obtain the expansion of a x from that of e x . 

[Hint. a^e'°g aX = e* lo « 8 J. 


10.6. If f( x ) be a function of x and if x is increased by 
h, where h is small, the approximate value of / (x-f A), 
when the value of /(x) is known, is obtained by 
expanding /(x-f h) in a series of positive integral 
powers of h. This is done by Taylor's theorem which wo 
now discuss. 


10.7- Taylor’s Theorem. ///(#+A) is capable of 
being expanded in an infinite series of positive integral 
powers of A, then , 


f(x+h)=f(*) + M'(*) + y; f" (*)+y r f"'(*) + 


where f(x) is the function obtained by putting h = 0 in 
/(x-f A) and fix), f" (x) etc , are the successive differential 
co-efficients of f(x). 

Let /(x-fA)=A-fBA-fCA 2 -fDA 3 -fEA 4 .(1) 

Differentiating successively with respect to A, 

(regarding x as constant), we have 

/'(x-f A)=B + 2CA-f3 DA* -f4 EA*-f.(2) 

/'(x+A)-2C+2.3DA+3 4EA 2 +. ( 3 ) 

/"(x+A)=2.3D+2.3.4EA+. 

and so on 
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Patting A=0 in these equations, -we have 

from ( 1 ) /(*)—•^ or 

from ( 2 ) /'(z) = B or B== / M 

from (3) /'(*)=2C or G=f !f (x)/2 ! 

from (4) /"(x)=2-3D or D=/'"(x)/3! 

Substituting these values of A, B, C etc., in (1), we 
have 

Hx+h)=ftx)+hf\x)+ ~ r(x)+~]"'(x)+ ... (A) 

• % 

10.71. Putting x=a, we have 

h 2 


Ka+k)=f(a)+hf\a)+ j- 


(B) 


10 72. Expansion of f(x) in powers of x—a. 

f(x) can be written as/[a+(x—o)J. 

By putting x-a for h in (B) [ or by putting x=a 
and h=x~a in (A)], we have 

f(x)=f{a x—u)=f(a)-\-(x—a) /'(«) + — 2 ~j~/*( a )+•••(£) 

This gives the expansion of the function in the 
neighbourhood of x=a. To compute /(*) # by this 
formula, we must know the values of f(a), J (°)» / (°) 
etc. 

10*73. Failure of Taylor’s Theorem. 

Expansion by Taylor’s Theorem is not valid 

(t) when the series is not convergent 

(n) when/(x) or any of its successive differential 
co-efficients does not exist or is infinite for values of x 
lying between x and (*+/»). 

10*74. Maclaurin’s Theorem deducible from Taylor’s 
Theorem. 

In the theorem 

/(X+A) =/(x)+A/"(x)+-**/»+- 3-1 /"(*)+. 
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• • • 

Patting x=0, we get, ,• 

m=m +A/'(o> +-£■/»«» +-^, / '-( 0 )+. 

which is Maclaurin’s Theorem with the variable h. 

By changing A to x } we have 

/(.r)=/(0)+*/'(0)+~ /'(0)+ /"(0) . 

Application of Taylor’s Theorem 

10*81. Expansion of a X ~^~^ in powers of h. 

Let f(x'+h) =a x+h 

then f(x)= a \ f(z)=a* log a, /'(*) =a*(log a)* etc. 
.*. by Taylor’s theorem, we have 

a * +A =/(*+*)=/(*)+A/'(*)+ . 

' h'i 

= aX + ha* log a-f — a x (log a)«+... 

A 2 

«*[I+A log a+-£-j(log a) 2 +..’.] (D) 

10*82. Putting a=*=e in (D), we obtain 

e* +i W[l+A+ .] (E) 

This can also be obtained directly from Taylor’s 

theroem. % 

Ex. Show that a* can be expanded by Taylor’s 
theorem. (P. U.) 

[Hint. Put x=0 and h—x in (D)]. 

. 10*83. Expansion of log sin (x-\-h) in powers of h. 

Let f(x-\-h) = log sin (*-}-/*), then /(.r)=log sin x 

.*. /'(*) = cot x, f(x)= —cosec 2 r, 

... { ; ; /"'(x) = +2 cosee a x cot x 





FUNDAMENTALS OF CALCULUS 


192 


Hence by Taylor’s theorem, we have 
log sin {x+h)=f(x+h)=f{x)+hf'[x)+ /'(*)+ . . .. 

h z 

=log sin x+h cot x -cosec'x 

-f* Tj— cot x cosec*®—. 

o 

10*84. Expansion of sin (x+y) in -powers of y. 

Let f[x-\- y)=sin (ar-f-.v) then fix) = sin x. 

.*. /'(x) = cos x, /"(xj=» —sin x, f / "(x) = — cos x 
f lv (x)— sin x, /'(x)=cos x, etc. 

by Taylor’s Theorem, we have 

Bin(z+ S ,=/(z + y)=/(z) + y/'(*)+ -£,/"(*) +. 

«j 2 fA 

—sin x-\-y cos x -sin a;—cos x 


+ 


y‘ 


4 ! 


sin a?-f ... (F) 


' Ex. 1. Expand sin (x-\-y) in powers of y and deduce 
that sin (x-f- y)=sin x cos y+cos x sin y. 

> Separating sin x and cos x in (F), we have 
sin (x-fy) = sin *[ 1—|-j+ fy — • • • J 


r 3 


•a 7/ 0 4fv gM 

+ co»*L»- 1 T!+ 6T“ 

=sin x cos y-j-cos x sin y. 

Ex. 2. Expand leg x in the neighbourhood of x=l. 
Here we have to expand log x in powers of (x— 1). 
VYo have /(x) = log x and/(l)«log 1=0. 

/'(*)-1/*, /'(D-l ;/ "(x) = -1/x*. r(l)=-l 

r'{x)=2{x\ /'"(U=2, /»*(*)- -6/x*, / lv (l)= —6 

Now by taking x=l and Zt=x— 1 in Taylor’s 
theorem, we have 

(*-UV 


/(x)=/(i+x-j ) =/(i).f(x-i)Ai)+ 1 -Yr/'(i)+... 
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log 2 = log [l + ( 2 r-l)]=log l + (2 — l).l 

+ < ^r'(- 1 )+ ( - f Fr” (2)+ . 

Note. This can be written down by (C) Art 10*72, 
by taking o=l. 

Ex. 2. Expand e* in powers of x—a. 

By (E) Art^lO'82, we have 


,■+*-*[!+»+ rr + fr + 


••• ••• 


] 


Putting x—a and h=x—a, we get 

ex=e“ + ^ =e »[ 1 + (x-a) + ^=?>*+ ( -^: | ^l + ....] 

Ex. 2. Deduce the expansion of sinx and cos y 
from that of sin (x-j-«/). 

[Hint. Put y =0 and x=\ x in (F) Art. 10 84]. 

Exexcise XXXI 

Apply Taylor’s formula to obtain the following 
expansions : — 

1 . (i) e* + h =e* j l*fA+ 2 j+2j4".j 


(u) e« 


x* x 3 


1+ * + 21 + 3 \ + 


h 2 


(tit) cos (x-f-^) = cos x— h sin x— -y cosx 

. ** . 

t* sinx—. 

(«0 log(*+A)=logz+ 23+ 3^- . 

(t>) tan (x-f ft) =tanx+ft sec 2 x-f-ft* sec 2 x tan x 

+ -g-sec 2 x(l-f? tan2x). (P.U.) 
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2 . 


(*) log sin (a;—^)=Iog sin z+h cotx— ^ coseo 2 x 


, A® . 2 

+ .-cot a; cosec 2 x— 

O 


(P.U.) 


(it) tan -1 (x-f A)=tan -, x 

+ * 


xh 2 


l-3a;2 A 3 


1 +x 2 (1 -fx*)* (1-j-x 2 ) 3, 3 

(tit) (at+*)n=xn+nAx«-i+ ^±U*xn-2 + ... 




Distinguish between the two cases when n 
is a positive integer and when n is not a 
positive integer. 

3. Expand 

(i) e x in powers of x— 2. (D.U.) 

(it) 3x 3 —ox 4 —6x-}-9 in powers of x—3. 

(iii) tan x in powers of x— 

(if) cos x in powers of x—2. 

(v) tan _1 x in the neighbourhood of x=l. 

4. Deduce from Taylor’s Theorem : 

(а) ilK*+l>)+A*-h)l=A*)+ f /*(*)+ £/•’(*) + ... 

( б ) /(*)=/(<>)+*/'(*)- ?’ /"(*)+£/"'(*)+ . 


2! ' v ~' * 3! 

(Bernoulli’s series) 

5. Expand. 

(i) cos (a-f-x) in powers of x, and 
(if) sin x in powers of x—a. 

10'85. Numerical calculation by Taylor’s Theorem- 

Ex- 1. /(x)=x 3 -fx 2 +15x—24. Calculate /({£) by 
expanding /(x-f-A) in powers of h and then putting 
suitable values for x and h. (P. U.) 

/(x)=x 3 +8x 2 -|-16x— 24 /(I) = 0 

/ , (x)=3x 8 +10x4-lo f'(l)=34 

/'(x)=6x+16 . /'())=22 

/"(*)= 6 /"(1) = 6 
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To obtain /(*£), i.e., /(1+ T V) put x=l and 
in Taylor’s series. 


/ ( 1+ i)=M + rof'W + ioc*/'(i>+ ^'('i 


= 0+ /o' 34 ) + 2j/r* (22) + dir <*> 

=3-4+*ll+*00l 

=3-511. 

Ex. 2. Given sin 30°=£, apply Taylor’s Theorem 
to calculate the value of sin 31°. (P.U. 1950) 

We have 30°=Jrr radian and 


1° = = *0175 radian. 

Also einjx =|=0*5 and 

cos’x =y 3/2=0-8660. 

Now by Taylor’s Theorem (See Art. 10 84, y being 
changed to h), 
we have, 

h l 

sin (x-f /»)=sin x+h cos x — sin x— . 


.-. sin 31°=sin 



ir tt X 1/Xv*. ir 

81D 0 + 1*3 008 6 -2 (uo) Bin 6- 


=-5 + -0175x*806 — $ (*0175)2 X *5-. 

= -5+*015155 —-000076-. 

=•5150 upto four places of decimals. 

Exercise XXXII. 


• ••• 


Apply Taylor’s Theorem to calculate the values 
of: — 

1. (») /(ro) if/(x)=x»+3x 2 -M5x~24. (P.U. 1951) 

(m) /(2 -001) if/(x)=x 3 -2x+6. (P.U. 1952) 

(Hi) /(i 05) if /(x) = x 3 -6x*+2x+ 1. 
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2. (0 sin 30° 12'. 

(m) sin 29° 48'. 

(Hi) cos 30° 12'. 

(it>) sin 1° 48'. 

3. Expand by Maolaurin’s Theorem tan + 

as far as the term in x 4 . Hence calculate the value of 
tan 46° to five places of decimals. (P.U.) 


CHAPTER XI 

INTEGRATION 


11 1 Integration as inverse of differentiation. We 

have been occupied upto this point with the problem 
of finding the derivatives of functions. Many of 
the most important applications of the calculus lead 
to the inverse problem, namely, that of finding the 


fvnction ( y ) when its derivative^—-) is 


given. The 


required function is called an integral of the given 
derivative, and the process of finding it is called integ* 
ration. The given function whose integral is to be 
found, is known as the integrand. 


Suppose for example,-^- = 2x, then y=x % 
i. e. x 2 is the integral of 2 x. 


Again since = J x4x 3 =x s . 

the integral of a : 3 is Jr 1 . 




In general since 



n+1 

Hence z° may be integrated by adding 1 to the exponent 
and dividing by the increased exponent. 

Note. Here n is not equal to —1, for in that case 
n-f-l = 0 which leads to the impossible process of 
division by zero. 


(*/"!).( 1 ). 


the integral of x n is 


Since j^(logx) =—, .*. integral of~is log x. 

CLX ' ' *T • , . X 



Note. This is the exceptional case mentioned in (l) 
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d 

j x { sinx) = cosx, integral of cosx is sin x ...(3). 


a 

‘ dx G sin3 *) = cos3x integral of cos 3* is £ sin3x, 

d , 

( — cosx) = sinx 
d . 

integral of sec 2 * is tan x...(5) 


integral of sin x is—cos x (4) 


(e 1 ) 


‘ d ~ (tanar)=eec 2 i, 

.. d 

dx 
d 

dx 

d 


integral of e x is e* 


• • 


rQ ^ x ) = 


• • 


j ( —e“ x ) = e ax 
dx a ' 


If - 1 


IS 

e x 

is 

• 

• 

! 

is 

—e* 1 


a 


( 0 ) 


(7) 


. then / ^x) = log x. 

•V 

Examples 

1'ind ?/ for the following of values of-ft- and verify 
the results by differentiation : 

(0 1 00 0 (Hi) x (if) 1-fx (r) 1+x-fx 2 


(» 0 fix* (rii) *» (»m) ~ («>) x 5 —J (x) sin 0 




(xi) cos 20 (.rit) sec 2 0 (xiii) cosec 2 x (xif) e 3x 
(xr) sin 3x-f-e 3r ^ (*ri) sin x + cos x (xvii) 58x* 7 

(xviii) x 3 (xix) x“ 3 ‘ 

d 


112 Notation. If [^(*)]=/(*), then *(x) is said 


to be the indefinite integral or simply the integral offtx) 
with respect to x and is written symbolically as 

4 


J/(*)rf* = 0(x) 

The symbol J, is called the sign of integration 


N 
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and j f(x) dx asks the question ; **what function of x 

has f(x) as its differential coefficient ”? and is read as the 
integral of f(.r) with respect to x. 

11.21 Unlike Differential Calculus there are no 
infallible rules in this subject by which we can dis¬ 
cover a function, say <$(x), whose differential co¬ 
efficient with respect to x is /(x). Integration is largely 
a tentative process in which we can be guided only by 
the results of the direct process of differentiation. 

For example, to find tho integral of cos x, we have 
to discover the function whose derivative is cos*. 
From our knowledge of Differential Calculus, we know 
that such a function is sin x, thus 


Sinoo (sin x) = cos x. 


•••/ 


cos x dx =sin * 


Also since -^[sin(z4a)]=scos (x+a) 

jcos (x-f a)dx=6in(x+a). 

Similarly J^3 x*dx=x 3 because^ (x' J ) = 3x*. 

Also J’3(r+a) 3 ix = (x+a) 3 

because — (x+a) 3 =3(x-f a)* 

and po on. The following results may be similarly 
verified by differentiation : 

f~rfz=log X, 1/1^=log (*+<>) 

J" e x dx=t x , J\ x+ *rfx=e* 4 \ 

In general if the integral of a function of x, say 
'(*) is f(*)f then the integral of/(x + a) is <p{x+a). 

i. if J7(x)dx=*(x), then J/(x+a)dx=^(x+a)...I 
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Examples 


Find the following indefinite integrals and verify 
the results by differentiation 


« (*+»)“■ («) x ~~- 8i "( e+ h ). 


x+5’ " *"\ v 1 4 

(iv) eec 2 (Q + 1 z). (v) e x + 7 . (vi) cosec 2 (a;+5x) 
(vii) 5(x+8) B (mi) 5 (x+c) 76 . 


11.3 The first step towards integration is to write 
down a list of differentiation of various simple func¬ 
tions each of which will furnish us a corresponding 
result in integration. The student is advised to make 
himself thoroughly familiar with these results. The 
success in integration depends upon the knowledge of 
the results of differentiation. 


Table of Preliminary Results on integration 

I x n dx= - ■ -. 

) n 4-1 


d /X"* 1 \ 
dx 'n-fl f X 


..( 1 ) 


(except for n= — 1). 


d. 1 


log, 


...( 2 ) 


( ^ \ = QX 

Mog a) 1 


d_ 

dxMog 


a x log a 
log a 


a x 


-/ 


a x dx = 


n 


log. a 


...(3) 


d 


dx 


-c x =e x . 


/ 


e x dx=e x . 


...(4) 


— sin X = C 08 X. 
dx 


/ 


cos x dx =sin x. 


...(5) 


cos x= —sin x 
dx 


^ sin x dx= — cost. ...(6) 


dx 

d 


tan x=sec* x, 


f 


sec* xrfx=tan x . ...(7) 


dx 


- cot x= — cosec* X /. J cosec*x dx = — cot*. ...(8) 


N 


IHTEGBATION 


201 


-j—-sec *=sec x tan x . fsec x tan x dx =seo x... (9) 

ax J 

-^-cosec x— — cosec x cot x, j cosec x cot* dx= — coseo * 
dx J 

...( 10 ) 

$■ log sin x= =cot *, | cot * dx =log sin * 

dx sin * J 

...( 11 ) 

, sec x fan * 

_ inrr aah r= *-—=tan Xm 

dx 


d , 8Pc * fan * 

log seo *=-=tan x, 

6 sec * 

/can * dx=\og sec x = — log cos * .-.(12) 

j —coseo x oot * 

log cosec x=--= —cot x, 


dx 


cosec * 


/. Jcot * dx=—\og cosec x=log sin x ...(13) 


d 

dx 

d 


ein- 1 x= 


1 


Vl-x 3 

1 

. COS -1 x— - , ^ 

dx VI—x 2 


1 


1 r dx . 

V • ( — ^=sin _1 

[ ‘ ’ J V 1—** 


d , 1 

-j—tan -1 £= f-: _.a 
dx 1 + * 

d 


J 

1 


or =—cos -1 *...(14) 


cot -1 x = — 


dx . l + X 2 


sec -1 x— 


d 

dx 

d 

dx 


I or = —cot -1 *. ...(15) 

1 


xv/* 2 -i 


cosec -1 x = — 


I C **x ,j 

v I — -— 4* —sec l x 

f J xy/x 2—1 

Xy/ x^ — X J or = —cosec -1 X ...(15) 

11*31. f(ax+b)»dx. (n^-l) 

(ax+b) n being a function of ax+b, suggests 
a trial differentiation of (ax+6) 11 * 1 . 

We have, 4 (ax+b)*+ l =a{n+ 1) (<?x+6) n , 
dx 
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which can be written as = 

Hence we get, C (ax + b) n ax= (a *"t b l!l 1 k ^ 

J a(n+l). 

Thus (ax-\-b) a may be integrated by adding 1 to the 
exponent and dividing by the product of the increased ex¬ 
ponent and a , the coefficient of x. 

For example f(l+4:r) -= *(1 + 4*) 

/ dx 

ax-\-b ~* Here we tT y lo ?* («* + &) which when 
differentiated gives 


~± r x„ i.e. * JSSi«+4 

ux-f-b dx a 




1 


He 


nee f. 


atThb =l ,og (ax+b) - 


o.t+6 


For example, =\log (7x-9). 

1133. jsin (ax + fc) dx'. 

It suggests a triul differentiation of cos(ax-f6), 

d 


wo have cos (ax-f-6)=^_a sin (ax+b) 

d cos^(a.r-f b) 
t.e, — 

dx —a 


Hence I sin (ax-j-b)dx— — 


cos (ax-{-6) 


ein (ax-f-6) 


a 


Similarly Jcos (ax + 6) dz = —<"*-±*hf e **4d. 

tan (ax-j-6) 8 b 

fl ^ 



j" see 2 (ax-f-6) dx-= 

C ccsec 2 (ox-\-b)dx =— cotJaxHhfc 

J a 
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In general if £f{x)dx=${z) 

then J"f(ax+b)dx=-^-^(ax-f b) -....II 

For example, f cts (5z-h2)dx=} sin (5a:+2), 

J e-**+ 2 dx= — le-* x + z 

J sin (9-7 x)dx =- C OS ^ 7 - ) =^ cos (9-7*), 

cosec 3 (11—9x) = — --— = £cot (11— 9x) 

Exercise XXXIII 


s 


Integrate the following 

1 . > 'x^l 

1._ 

JY — x 


1 


1 


(!+*)» * (1—a:)* * 


2 - 2 ^f 1 (P U *^ 2-a: ’ (2-a:) 3 » (4 + 6a;) 2 ' v/4 


3. (3—2r)^ , (3-4*)» (2*+3)» , v/2x+5. 

4. e 5 *, e-* x , e 7x+3 , e«**. 5. 2 X , 6*. a:», c 8 ‘. 

6. cos 3a:, cos 3a:+sin 2a:, sec 2 £9, sin J (3 —2a:). 

7. sinO cos0, cos ? 9— sin 2 0, sin (4— x), sec z (7ix+a). 
1 sin x cos x sin (3—4a:) . 

sin 2 ~2z * cos 2 a: ’ sin 2 * * cos 2 (3—4a:) 

Evaluate : 

9. (t) J (cosec@ —cot0) coeec 0 dQ. 

(it) J (tan x+Becx) eecx dx. 



/ cos2a-—2cos 2 a: , .... ( cos2x4-2sin 2 a: 

-335-* (“) J - 


cos 2 x 


dx 

(P.U.) 


204 


FUNDAMENTALS OF CALCULUS 


114. Constant of Integration. If ( x)=f ( x ), 

then also f [*(*) + «]=/ (*) J/(z) dx=t(x)+c. 

The constant c may be give any value, It is 
called the constant of integration or an arbitrary constant 

The constant is some thing which is usually not 
written down but it is always supposed to exist. 

conversely , if a function has tuo integrals , they differ bu 
a constant. y 

Suppose (f> i (x ), (#) are the integrals of / (a:), 

then (z)=A A (r)=/(z) 

••• d ~- IA («■)-#,(*)]AW- J»,W=/(*)-/(*)= 0 

(*) = c, a constant »\e. (■c) = ^ 2 (x)-|-c. 

'I hus a lunction has an infinite number of integrals 
related by the simple fact that they differ by a 
constant. Unless a definite value of c is obtained by 

some known facts, the integrals are known as indefinite 
integrals. 

Examples 

Ex ** ^dx y having given that when 

ar = 0, t/=7. 

Since dyfdx:=3x 2 , y=x 3 + c 

Putting .r = 0 and t/=7, we get c=7 


y=* 3 +7. 


Ex. 2. If^=l—7x 4 ,find y given that y=> whenz=d. 
Here y — z— Jar'-f-c 

Putting x=l, r/=», have 2=1-J+c /. c = l. 
Hence y=\+ X — Jx 5 . 

Ex. 3. Given the velocity of a body =7+ 32*, 

find the distance s in terms of*, if^==25 when t = — 1. 
Integrating we have fi = 7*-f- 10* 2 +c 
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Putting t= — 1, 8= 26,we get 25 = — 7-f-lO'f c, *.<• c**16 
Hence « = 16 + 7 / + 16* 2 . 

11.41- It may happen that intergation of the same 
function by different methods may give results of 
different lorms, e. g. 


/ dx . , 

— - =sin~ 1 

v/i-z* 


also 


/ dx _ _ 
■J L—x 2 


= —COS -1 Z 


for 1/ ^jY—x z is tb® derivative of both sin -1 x and 

—cos _1 z. It does not, therefore, follow that 
sin -1 x= — cos -1 z; that this is not true oan be seen 
by putting z=0 which gives the absurd result 0= —Jts. 
What is really true is that they differ by a constant 
(Art 11-4). In fact, by Trigonometry, sin-^z—(—cos- 1 *) 
=sin -1 z-J-cos _1 z = £ir. 

This shows that the arbitrary constant should 
always be added to the integral of a function, 

Ex. Point out the fallaoy in the following 


J^sinz cos z dx 
Also since 


=,\ ( sin 2z dr. — — \ cos 2z 
sin z cos z —~~^ x (i B i n *£) 


J sin z cos z dx=\ sin* z 


4 0 jn*Z:=* — £ cos 2z or 2 sin 2 z-f cos 2z 
2 sin 2 z-f-1 — 2 sin 3 z=0. Hence 1=0. 


=0 


115. The Definite Integral. In examples given in 
Art. 11*4, the constant of integration was determined 
when a pair of values of z and y was given. We some- 
times eliminate the constant instead of determining it. 


Let jf(x) dx=f(x)+c. 

and let z=o and x=b be two given values of z, then 
the change in the value of the integral •p (z)+c as z changes 
from a to b is equal to 

denoted by the symbol | /(z) dx. 

J a 


and is 
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This is* briefly written as 



f(x) dx = 





=*£ lb) —^ (a). 



The left member of this equation is callod the 
definite integral of f,x) between the limits a and b, a 
being the lower and b the upper limit. 

The right hand member of the equation shows that 
this is found by integrating f[x) and then subtracting the 
value of the integral for the Lower limit from that of the upper 
limits. 


Note. The word ‘limit’ is used hero in a sense 
different from that in-Differential Caluulus. It moans 
merely the lower or upper end value of x. t 

Since the constant of integration disappears, there 
is no point in writing it at ail. 

Examples 


Ex. 1. 


= 2(32)- 


= 121 - 


Ex. 2. 


sin x 


£x. 3. 


I s 

= ain 
0 


-* 


— sin 0 = 1 — 0= 1 


Ex. 4. 


Ex. 5. 


/ 4 . 

| x* dx = 

J 1 

I C 08 X dx 

J 0 

J = J (5x +3) 

J qV OX -4- o J 0 

1»J 

j =» [8^-3 i J = ^(2 N /2- v /3) 

i,x i Iq 

s>- 

t.- 


= 1 og.6 — log.a=log. — 


dx 


tan" 1 x 


i" 0 = Jr 
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Ex. 6. r = 

J -C-s/— i 


SGC - 1 X 


=eec -1 2 —sec -1 1 = $" —0 = J?r. 

11*51. Properties of the Definite Integral. Two of 

the properties immediately dedueible trom equation 
(A)§ 11*5 are giv«u below : — 

I. If the limit8 of a definite integral are interchanged, 
the sign of the integral is changed i.e.. 


,b /a 

J f (x) dx= — J f (x) dx. 


(B). 


( b 

For, by (A), J / (*) dx = <f>(b) — <p (a)= — [£(<*)—<£(&)] 

J a 

( a 

. = — J /(^) d*. 


II. If a, b, c are values ef x. then 

J b f(x)dx=J f(x)dxf J f(x) dx 


(C) 


For, the It. H. S. = [-^(c)—^(<z)]~h[^>(6) — ^(c)J 

=L. H. S. 

Exercise XXXIV 

1 If and v=3 when <=0, find v in terms of <. 

2. Find the curve 

(t) which passes through (1, 2) and has its elope 
equal to 2x. 

(it) having the slope equal to \ -Jx and passing 
through (0,-4). 

Evaluate the following definito integrals 

2 -1 >.2 

3. j 3 ^,,J o (1+1)*, j (l-xy‘dx, J (l-jx)Vx. 
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(2*+l) * 


, r 

j 0 


75 , A* dx 

C08 x dx 


/*"_dx_ 

* J 0 °° 8 * x 


J. 

A* 

7 . J si 
J 0 

I 

8 . ( sin 2x dx, f (cos* x— sin*x)dx, ( cos 3x dx. 

J 0 J a - '; ' r ~ * J 0 


_dx_ 
sin 2 x • 


z-4* 

I. I S' 
0 


geo x tan x dx, ( tan x dx* 1 c0 * x 

•'0 •'$* 


10 


r 1 dx r 00 dx r 1 _dx^ t 

‘ J o 1 + a ‘ 2 * Jo 1+x8> Jo Vi-x» 


V2 dx 

) x *v^-l 
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11. Prove that : 

(o 

• J 0 A +* 2 Jo 1 + * 2 


(») 




fc x <£r 




e x dx. 


ri~ r° 

J 0 j i„ J J 

r 1 dx r 1 A 

I . Vnx+3 = f -r-i. 

J 0 ^ Jo — ox / 

/ 

sin a: rfa-= cos a; </*. / 

o Jo 

(W) [ * 2 <f.s+ f ** Jr= f ^2 dx l 

J 0 J 1 Jq 

116. Theorems relating to integrals. A few funda¬ 
mental theorems on integration which can bo deduced 

from the corresponding theorems on differentiation 
are given below : — 

11*61. theorem I. The operative symbols ~ and f... dx 

dx J ### 

cancel each ether. 


U ‘ Sc [/ f (x)dx J = f (*) 


...I 


T <JU 

Lot • = v p 
dx 


( 1 ) 


where u and v are functions of then by the definit¬ 
ion of integration, wo have 

M=Jt'rfx ....(2) 

• • b .v (') “"<1 (2) »= d d }~ M= £[J vdx ] 
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Thus if «=/(*),/ = f [[/(*) 


or 


d 

dx 


-j f \x) dx=f (x) 


For example, x‘,h= f [v +C ’] = '- 5x '~ X '- 


d r sec 2 * rf.r-- /- (tan x+c) = sec 2 * 

dx 


4 f. 

ox J 


1 1*62 Theorem II. 

out from under the sign of integration and written Lejorc it. 


i.e. 


cu dx =c udx 


...ii 


where u is a function of x and c is a constant. 
Differentiating the right hand side member of II, 
wo have 

<L £ c J udx ]=C / by theorem I. 

Hence by definition of integration, wo have 


cu dx 


=c /“ 


dx 


For example, J o.r'Jx — oj x x dx —5X s .r J x 

J dx = oj sec 2 * dx = ‘i tan* 

1163. Theorem III. The integral of the {algebraic) 

sum of a finite number of functions ts the sum of their 
separate integral s. 

i.e. f (u+v-w + ...)dx =j udx + /v dx-/wdx+...I 

where «. f, ..are functions of *. 

]iy Differential Calculus, we have 

.? £/ udx+ / t'dx— j" u'li.td-.^.] 

=4 f udx+ r/f tdx ~ t j wiz+ 

—M ^. v —u>+.[by theorem I.J 


II 
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we gct y definition of inte g ra tion fommitting constant), 

f(u+v—w+ . )dz=J udx+ jvdz—Ju'dz+ . 

Examples 

Ex. 1. j »x i + 2z z + 6x+7)dx 

= J~5x 4 dr -f- J 3x 2 dx -f J Qdx -f- J" 7 dx 

e Z 5 „ X 3 o-2 

~ 5 *1T -f-3. - 3 - + 6.-—f-7ar. 

=z Ji +x 3 + 2x*+7x ' ' 

Ex> 2. j (cos 3z-)-sin 2x) dx 

= J*cos 3x dx + j Bin2xdx= ?!?J* _cos_2* . 

Ex. 3. f - f v/^’+v/^+F^ 

J Vx-f-2-Vx+l J (£+2j-(* +1 ) 

= / \/*-f^^-JVx+l^=3( a; +2)*-3(x+l)^ 
Ex. 4. J sin 3 X(/x=y£(1 — cos2x) (fa 

= i j l dz-l J coB 2 xdx=t(x-Win 2 x). 

Ex. 5. J tanfa cfa=sec 2 x—1) <fa 

=ysec 2 * dx — J\dx= tana:—a:. 

Ex. 6- / sin4a; sinx dz=J \ [ cos3x— cos. r »a;](fa 

=$ [Jsin3«-» sinSx] 

Ex. 7. J (sec s mx—tannx)dx=J Bec 2 rnxdx—f tannxdx 
tan mx log sec nz 


m 


n 


== ~m *’ an mzJ t~ h l°g cos nx * 
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Exercise XXXV 

Perform the integrations 

1. (i) j" (x 3 —4*® + 2 x+1) dx 

(ii) J(3a: 2 -2x- 3 +4x"^ ) dx. 


(m) (...) J( v/x+ - l - ) 

(0 

(m) J Vx+o-VxTs- 

r\ C d x . (P.l 

* J V x + a + Var -\-b -- 


(P. U.) 


* J V x-\-n +Vr+6 .-^ 

(<-.-) J 0 "S= I dx. (P.U.) (iiif /sin 3 0 dG )^ ^\ 

l (3 | uin :~oos *)'- dx. (P.-OO 

w/rw:*- (P - U ' ) 

<?.. r rf * - ip. u.> 

■.(“*) Ji+«» V-- 

(cm) j Vl + nnsxdx. (P-U.) 

(.*) J (see* 3x-ta.i* 5x) dx. 

4 . (i) / >in cw * Jr. . /l-'U I 

(,i) j .sin 'lx cos- x dx. V 1 - • U *J 

(in i \ (a + b' + c"') dx. 

5. (f) J (i 3 +o x ; (**) / (a x + x“) dx. 

<m) /[ v 1 x + sin ^+ £2 *+x + 2 ] djr ' 

6. Evaluate :— 

r 2 

(i) \ x(x-l)(x-2) dx 

j 0 


\dx. 
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\/ 


15 


(«) 


x dx 


r _ 

J 3 Vx-j-l 


(•«) 


4*4-5 

~~x—3 


dx. 


(tv) f \/i+sui a: dx. ( v ) f Tty 2 dx if xy=c 2 . 

Jo J 1 

117. Differentials. So far we have used as a 

single symbol. Now we shall give .meanings to dy and 
dx, so that dy/dx will also stand for dy divided by dx. 

Let y=f[z). 

dy _ Lt 

dx~ 


then 


S *->0 £* 1 U * 


2 ?/ 


« • 


~=/'(a:)-fa where a->0 a9 


Zy=f\*) 

Now when Sr is very small, a is also very small so 
that aox is still smaller and can be neglected in com¬ 
parison with f'(x) 8z. 

f'(x) oz i* the principal value of 8y. lt is called 
the differential of y and is denoted by dy. 

•*• dy — f (x) $x ... .. 

If we take y =f(x)=x, then /'(*)= 1 

and ■>- dy=\’8 x ••• ••• 

Also since y=x , dy=dx 

from (a) and (b), we get dx = $x ... 

i. e. the differential of the independent variable is equal 
to its increment. 

Substituting dx for $x in (l), wo have 

dy—f (x) dx. ... ... ... (>l) 


• • • 


• * 


( 1 ) 

(a) 

0) 

( 2 ) 


i. e. differential of differential of x. 

Thus the differential of any function is equal to its deri¬ 
vative multiplied by the differential of the independent vari¬ 
able. 
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For example, if//=sin x 3 then dy=c os x dx. 

If y=x~, then dy = -x dx ; 
if u=a* t then du—a x log a. dx: 

If a: 2 = sin G, then 2xdx=r cos G dQ. 

1171. Geometrical meaning of differential of a 
function. 


Let P(.i\ y). Q(.r + o-r, y + c'/) 

be two points on tho curve 
y=J(x). 

Let tho tangent at P 
meet the ordinate of Q in T, 
then dx % = ex= Pit, BQ = cy. (1) 

RT=PR tan i H PT 

= tan <>,. PR =/'(*) dx — dy. 

Hence RT =dy (2) 

Therefore dy is the t/rrc- w . . 

went of the ordin ife of the tangent line, whereas c’J »s trie 

increment of the ordinate of the curve. 

The different hi dy is thus the amount by which y would 

change whil * x changes by amount d* if thi print con %nu 

to move in the same direction as at P. . , 

In general it does not continue to movo in ne 
same direction and so dy and >y are different.. o 

arc is Hitlicientlv short, the change in direction is 
usuallv small and so dg and gy are nearly equal. . in 
fact o.V— dy=TQ is a small quantity of higher order 

if a is the distance moved by a body in time t, then 



since ds= d J . ,11 = all, d, is the distance the body would 

move in time H if it continued to move with the speed 
it had at the tune / ; whereas Z* is the actual distance 

1,10 Note. d,i. dx have been given definite meanings 
when standing separately. Wc shall make use ot dif¬ 
ferentials in the next chapter in reducing certain in¬ 
tegrals to standard forms by changing tho indopen- 
dent Tunable. 



CHAPTER XII ' 

REDUCTION OF INTEGRALS TO STANDARD FORMS 

12-1. If expressions to bo integrated are such that 
it is not easy to guess the functions of which they are 
the derivatives, it becomes necessary, to reduce such 
expressions to integrable form. There are several 
devices by which this can be done, a few of. them are 
discussed in this chapter. 

12 11. Integration by substitution. Many integrals 
can be evaluated by introducing anew variable, say 
z, in place of the original variable x, the two variables 
being connected by some suitable relation. This pro¬ 
cedure is called integration by substitution. 


Examples 

fzs/a~-t-x a dz. 

The existence of the differential x dx suggests the 
substitution a a + z 2 =z, then 2 x dx=dz i. e. Yulx=ldz i 

... jxv'a't + x 2 dx=flz-dx = |xiz" = i(a 2 + a:S ) 

r xdx \ 

2 - 

Put x~=z, then 2x dx=dz. O" 

f xdx_ f =A sin- , z=i sin-’a: 2 . > 

*• l v/l-a; 1 "Jvi-z 2 

Aliter. To free the integrand of radicals, wo subs¬ 
titute x 2 =sin 9, then 2x dx = cos 9 d 9, 

. ( x dx - =i { = j f msG de 

“ JVL-x* JVl—sin*0 j 

= £J1 d0=\0=\ sin* 1 ** 
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Ex. 3. j 6in 5 a: cos x dx. 

Put sin x=z, then cos x$x=dz 

f sin 5 a; cos x dx= J z 5 dz=Jz 8 =fc sin* x. 

Ex. 4. tan 3 0 sec 4 0 dO. 

Put tan 9=u t then sec 2 Cde=du, 

tan 3 0 sec *9 d9=j tan 3 0(tan 2 9 + l)sec 2 0 69 

=Ju 3 (a 2 + l)du= f(u 5 4 u*)du= £u«4- Ju 4 

• ' =£tan°0-Htan 4 0. 

Ex. 5. y"tan 3 0 sec 3 0 d9 . 

Put sec0 = u, then seo 9 tan 9 d9=du 

ftan 8 0 sec 3 0 d0=Jtan 2 0 sec 2 0 du=J(u a —l)u 2 du 

=J(M 4 -ti 2 jda=lu 5 -Ju 3 =Jsec 5 0-Jsec 3 0. 

Note. It is important to note the difference bet¬ 
ween Ex. 4. and Ex. 5. ‘ 

. tan -1 x 

E * 6 I= J 1+^-^- 

• Let tan -1 a;= 2 , then - + - z =dz. 

T , » . tan _, x. 

I = Je l az=e r =e 

1212. When substitution is employed in evaluat¬ 
ing a definite integral, return to the old variable, is 
obviated by changing the limits of integration to those 
of the new variable. 


E *' 1 '/ 0 ( 1 +*^ 

Puta;=tan0, then dx=sec 2 9 d9. 

21 

and (1+z)- =soc 3 0, also when x=0, 0=0 
and when x=l, tan 0=1 t.e. 0 = J«. 


dx 
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Hence 


r 1 -^—=[ l * 

J o (1 J o 


se 




sec 3 # 


d9 


-j 


i* 


cos 9 d9 — 


Ex. 2 


• / 

J 0 


0 

oo 


sin 9 


0 


= v/ 2 ‘ 


x 


x dx. 


Put x*=z, then *Jx dx=dz. 
when x=0, z=0 ; when x ->cn t z-*co so that the 
limits of integration remain the same in this case. 


, r 

J o 


_ r 2 

e x dx 


/■*> 
= i / ■ 

' 0 


e~ Z dz=1 


—e 


-z 


oo 




0 


^^ * 21 

for when z—>x, e ~ or 1/e -#0 

and when 2 = 0 , e =1. 

/• l dr Z* 1 e* e x dx 

Ex 3 J o o e«+e° “7 o 1 +^“' 

Now put e x =z, then t x dx=dz and e 2x =z 2 . 
Also when x=l, 2 =e 


• • 


i 


tan -1 2 


e 

1 


■ v 

= tan -1 e — tan _1 l =tan M c —| -rr. 

Exercise XXXVI 

Evaluate the following integrals using the substi¬ 
tution indicated against each : — 


:* ,lx * 


1 f — — (z'=z\ f— 

*' J 1+*' 1 1+*' 

2. J.Z 3 sin x‘ dx (z‘=u) ; Je x cos e* dx (e x = 0 
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3. cos x a dx ( x n —t ) ; 

J"cos 2 x sin 3 x dx (cos x=z)> 

4. J'cos 5 x dx (sin x=t) ; ^sin 7 x dx (cos x=t) 

Make suitable substitutions to perform the in¬ 
tegrations i — 

- /f x dx f x — 2 

J Vl-4^* J V2x 2 -Sx+5 dj: ’ w • 


:• / 


CO8 \/x dx 
-Jx 

a- n_1 dx 


x C c 

“• ) I 


cos X dx 
1 -f-sin x * 


cos 9 dQ 
l-4-sin;P& 




/ ar n-1 dX re 2x dx ^fe x —e~ x 

lc*+a*y J i + e^ JU?+c" x 

f da? v/ f e x_1 

J J a®+e* ^ J e 

/ dx 
X log X 

/ tan a? da? f 1 . . , 

log sec i’ J V (teg -)* 


da?. 


(P. U.) 


10 . 


tan 0 


sec 2 0 d0 


■f 


r dx 

J*(l + log x)* 


x \/ log 


?/■ 


log X 


dx % 


(P. U.) 


,, ( tan -1 x r 

n * J i+* d ; J 


(l-f-a. 2 )ta 


/ sin- 1 a; 

Vi — a: 3 < ^ C * 


J sin 2 .r cos 2 a: d.c ;J\an 9 sec 8 0 d0 ; 
J"tan 3 9 sec 7 0 di 


12. 
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Evaluate the following integrals : — 
f 3 3 a- 2 —1 . . f 2 (x g -f-l) dx 

13 ' Jo .r(x-'--l) ’ J 0 4* 3 +12x+7 


( 




j 


6_x -1-1 





14. 


15. 


r 

•> 0 

:r i7T 

j 0 

r 4 

J 0 


sec 


0 <*0, 


6CC 4 0 d0, 


f i” 

| • tan 2 0 d9 } 

> 0 
r-i n 

tan 4 0 d6. 

J 0 


dx 


(l+-r)v/ 


A-x 

/ Bi 
x J 0 




Bin 6 0 cos 3 0 dO ; 




c/r 


1/e a(log a:. 




16. Show that f* coseo 9 cor, 0 tf0 is meaningless 

12 13 Two important results . 

-• I'-Sr- 1 " 11W - 

II. J* [f(x)] n £'(x)dx= 

These can be immediately deduced by tbo method 

of substitution. 

Let fx)=u 

then f\x)d.c—du. 

i. / d * = f~ =>°g “='°g •«*) 

t e. fAe integral of a fraction whose numerator is the 
diff. coeff. of the denominator is log {denominator). 
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For example, (f) J~-^±L-dx =log(<i*2 + bx-{-c) 

(»») f cot x dx = dx= log sin x. 

j j sin x 

(Hi) f tan X dx = - f log cos x 

J J CU3 'X 

=log sec x. 

And II. y[/(*)]»/'<*)&:- J »» 

- n+T - '' ^ 

For example, 

(»*>. f {ax 2 + bx+c)*( 2ax+b)dx 

(ax*+6a:+c) n+1 

—^pr— 

(*0 J sin 5 cos x dx=% sin 8 x. 


(nt) f tan° x sec 2 x dx =^—— 

J n -f-1 

... . fsec 2 x dx r —4 

( ,v ) / , — —= / (tan x) ~ sec 2 x dx 

J v tan xj 

= 2(tan a;)- = 2v/tan a; 

Note. Such integrals can be evaluated directly by 
proper substitution without referring to the results of 
Art. 12.13. 


Ex. Perform the integrations 

Jtan’rdx, 


dx 


(P. U. 1952) 


3r 2 4-4x-f-7 

(i) We have, tan 3 .c = tan:r (sec 2 * — 1) =tan* see 2 #—tan x 
J" tan 3 * dx = J^tan.r sec 2 xdx+ C 


— sin* , 
- dx 


cosx 

=1 tan 2 *-!-log cos x 
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(it) Wo have 3* + 2=* (6z + 4) = i ~r (3x 2 + 4x + 7 ) 

•IX 


'• J 3z- 


3.r 4- 2 




T J *=i f i 


dx 


6*+ 4 
3* 2 -}-4* + 7 
= 4 log(denominator) 


= 4 log (3* 2 -{-4z4-7) or logy3* 2 -{-4*-{-7. 

12 2. Integrals of sec x and cosec x. 

( i) sec x can bo written as 

sec x (sec a:-{-tan x) sec x tan z -j-sec 2 *_ 

sec z-f-tau x ~ aecaftan 2 
Now wo put sec z-j-tan x=z, 

then (sec ztan *-{-sec 2 z) dx=dz 

sec x dx= * = log 2 = log (sec *-{-tan x ) 

= log tan lis+|*) 
[•.• by Trigonometry, sec *-{- tan *=tan (J“-Hi-T).J 
(it) Similarly the integral of cosoc x can be found 
by writing 

cosec x (cos oc x— cot x) 
cosec x — cot x 
— cosec x cotz-{- c osoc ?* 

= cotec *—cot* 

Now if cosec x— cot x=z, 

then ( — cosec * cot *-{-cosec 3 *) dx=dz 

J cosec * dx= ==■ log z=log (cosec *—cot *) 

=log tan-^. 


cosec x 


Tv coscc X — cot * = 


1 — cos x 2 sin 2 £z **i 

sin* ~ 2sin \x c oeA*"~ n 2J 

Aliter. As an alternative method, we proceed as 
follows :— 

1 1-ftan 2 ^* 4 sec 3 $x 

(i) cosec *— g j n x = ^ tan£* — tan i * 
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. Now if tan \x=z then £ sec 2 |x dx=dz 

J coseo x dx= J ~-—log 2 = log tan %x 

{ii) sec x=cosec (£--}-x)=cosec u 
where u=\n-\-x and du=dx 


J sec x dx= J cosec u du = log tan \u 

=log tan (2*-f £x) 

Hence J 8e c x dx=log (sec x+tan x) 

=log tan (Jn-+|x). 

a0d J cosec x dx=log ( c °sec x—cot x) = log tan | x 
. 12*31. Integrals of 


C i) 


Lr, C O 


m 


i 


X\/x 3 - 


a 2 +x- ' ' 7 Va 2 —x a 
(») Put x=a tan0, then dx=.a sec 2 0 d9 t 
f dx _ f a sec *6d9 

/ fl H2 2 J a«+* taW 

sec 9 9 


-if 


sec 2 & 


dQ 


-if 


IdQ 


0= ~ tan* 1 
« a 


x 

a 


This is also equal to-i cof* ~ as can be seen 

a a 

by putting x=a cot£. 

(ii) Put x=a sinQ, then dx= a cosG dO 

f ~ x _ /• cos© de 

J Va 2 —x* J Va 8 —a 2 sin*0 ~~J 


f 


cos e 


ide=e= sin - 1 * 

a 
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This is also equal to —cos- J z/a as can be seen by 
putting x=a cos 9. 

(m) Put x=a sec@, thon dx=a sec 9 tan© dQ. 


f dx — f 


i 


tan© dQ 
a tany 


_L f d6= ~Q= 1 sec- 1 

~ a J u a a 


1 


x 


This is also equal to ——cosec 1 a as can .^6 seen 

by putting x= a cosec 9. 

* 12 32. Integrals of 

1 '- 1 


(i) (U) V^-x 2 

va+x 


(Hi) 


\/x 2 —a 2 


(t) This corresponds to (t) of Art. 12*31, so that by 
putting x = a tan 6, we get 

[ = = df> _ EC c 9 d9 

J y/a'-\-x 2 J V«“-t-a a tan 58 © J 


= log (secy + tan©)= log 


x+y/a*-bi¬ 


ll 


(ii) This corresponds to («) Art 12 31, putting 
x=a sin#, we get 


/ 


d 9 


a *-J 2 cos -9d9 = U 2 J (l + c°a2 9) d9 


= la* (e-Hsin 2 y)=£a 2 0 + £a sinO. a cos© 


a* . 

=-T B,n 


-i 


x 


+ 


X\J n *-x*. 


a ’ 2 

(Hi) This corresponds to (Hi) of Art 12*31, putting 
x=a sec 9, we have 

f dx _ f »»ecet»n »d6 _ f Bec9 de 

J y/x 2 — a a J V ° 2 SOC-y— o a 
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= log (soc0 + tan0) = log x +'Sx t —a i 


a 


12 33. Integrals of (*) (ii) —. 

Wo have: * * X 


1 


_= > r_JL_ii 

it) 2a*-x — a x-i-aJ 


(i) * . = _I. . 

x--a- (x — a) (a--fa) L'ai-x — a a:-fa 

(- : dx .,= . 1 rr *_ r*_i 

^ x a *-J x — a J x + a J 


_ 1 f x—a 
“2a ° S x+a 


CiV) 


1 


1 


(i'—z z (a — x) (a-rx) 

C dx _ 1 rr dx 

J a- — X- 2 j LI (I 

1 


= - 1 r _ 1 + — i 

:) UflU+x a—x J' 


-i x 


+ 


f ix ] 

a — xJ 


— 2 a f lo S (rt + a;)—log (a- x ) J 


2x 


1 , a4x 
log 

a —x 


12 34. The results obtained so far aro collected 

in the lollowing table : — 

u> J% fc -w iw. 

(2) (n/ —1) 

(3) ^ cot x dx = Iog sin x. 

(4) J tan x dx= —log cos x = log sec x. 

(5) j sec X dx —log (sec x+tan x) = log {}-+}*). 
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(6) J" cosec x dx=log (cosec x—cot x)*=log tan $x 

< 7 > h 


(10) J 

< K > /: 

( 12 ) / 


dx 

a 2 +x 2 

1 

a 

1 X 

tan~ l —or 
a 

■ dx 

1 

. a + x 

a*-x- “ 

2a 

S a —x ’ 

dx 

1 


**—a a ,“ 

2a 

log x+a* 

dx 

• 

— ci | 

i x 

Va“—x a 

— oil 

□ or 

a 


a 


dx =io g JL+' / “' J +*' i 


vV+x" a 

.a 


(14) JVa'-x'dx^ 


2 Sm a + 


o 

X“ 


,-1 JLj. x V^a 2 __ 

2 

Exercise XXXVII 

Perform tho following integrations showing full 
process :— 

1. fscc x dx, [ cosco x dx, fz- + a*' fs-u*' 

(P.U.) 

J dy ( dx dx f dx 

-To* J 4a a -f-ia; a * J a: 2 —10* 

J (P. U.) 

f dx C dx __ r d*_ 

3 * •Wa’-a:*’ J V2a 2 -^ 2 9 


r v« 2 - 


da:. 


(P. U.) 
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. C 4x * 7, f 4x2 dx (*£-. (Putx 3 = z). 

4 * )T+sfr J77-r*r> J «•-*• 1 

r x dx f _ dx _ f Z x? dx 

5 ‘ J *n/ 2**—"4 * J 4 + x “ * 


>/4—x*” 1 J X V 

Evaluate the following integrals 

J dx 


bin x 4 -cob * 

£ Hint. Bin x-foo3 x=v/2 8in 


7. 




dx 


(P. u.) 


ein x + 6 cos x 

[Hint- a sin x+-6 cos x=(a 2 +6 3 ) 5 sin (x-f^) 

where tan «£=5/a]. 


1 

|2 a i 


8. 


9. 


W / 
(•■)/ 


tin x cos x 
sin 2 x—c09 J x 
X CO a 2 X 

(cos x—sin x) 2 _ 


(P. U.) 
(P. U.) 


Sill X 


ft in_*c_os*rf* (iii) / ( 1 + , M !)> t 

J Vl+siu-x J 


10. (») y(tan x+oot x) <ix. (it) J(tnn x+cot x)”dx 

11. (») y ( sec 2x J ,-cosec 2x) 2 dx. 

\ f sin r/x 

(M) J r+uo 0 ^ 

12 . (0 / 


i n O \ rf 

(a—x-)- 
.r 4 dx 


[^_dx_ 

^ J •* + *“ 


(P. U. 1052). 


(P. U. 1950) 
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(Hi) f - 7 =S_^ = . 

J \Zl + l2x—Vlx** 

«I-££■ 

l3 ' « /i«+CT- 


(P. u.) 


'"•> f*£=r 

'< » Jl-JZr 


<*) [ 

•' \/3a 

/sn 


_ da: 

\/&c—z»—2 


dz 

4*+5 


« 

"•» /o^5+i- 

< " 1 /. [l+s’l s 


« / 0 vC3? W 

W / « /Tlri 

,s «/rii 

^ (sin 0 —tan 0) dO. 


1 — cos 0 
f) l+cos 0 d ^' 


' ' ) 


» 0 soo a £ 
-f-tan^T 




12 4. Integration by Parts. A powerful method of 
ntegratio,,, called tnteyralwn by parts, is derived from 

the formula for the derivative of the product of two 
functions. r ' ,wo 

Let u and t» bo somo funotions of x, then 
d dv du 

Si {uv)=u dF +”~ dx - 
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Integrating this equation with respect to s, we get 

r A.* r du . 


uv 


or 


/ 


.ju^ix+j 


v -r- dx. 
dx 


(A) 


80 that if wo regard u and aa given functions of 




„ is the integral of the second function ^ and there¬ 
fore, the last result (A) may be stated in words as 
follows 

Integral of the product of two functions 

= 1 st functionXIntegral of 2nd. 

-Integral of [Diff of 1stXIntegral of 2nd]. 

. do 

Note. Putting—= 

(A) takes the form fjuwdx=uj wdx- ^dx]dx. 

The following examples will illustrate the method 
of using the formula (A). 

Examples 


w 


and consequently i>=J t odx. 


Ex. 1. f * cos, dx. 

Let us take * as the hrst function and cos* as the 
second. 

Then J x cos * dx=x J cos x dx- J (*). 

j cos x dx | dx 

=x sin x— I 1. sin x dx=x sin a;-{-cos x. 

Note. If we tafre 003 x a9 tbo firsfc f unction and x 
as the second. 
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/ X^ C 2^ 

cos x. x dx= cos x. — g —h J (sin x^—~dx 

/ x* 

sin tj - than to 

find the original integral, so t^at it is necessary to 
make a trial to find which arrangement will bo 
successful. 

Ex. 2- J x 2 log x dx. 

Take log x as the first function and x 2 as the second. 

x? f 1 xP 

Then the integral = log x.-^— J —, 

x 3 log x 1 f 

= —-h - r J xHx - 

= \x z log X—lz*. 

Unity may bo taken asnno of the factors for inte¬ 
grating by parts. This is illustrated by the following 
examples : 

Ex. 1. j log x dz*=jl og x. 1. dx=log x.x — x d*. 

z=x log x — j" 1. dx=*x log x—x. 
=x (log x— 1)=* log. (x/c). 


Ex 


.2. J ei 


sin _, x dx 


= J sin -1 x 


_1 x. 1 dx 


= x sin _1 x —J 

1 

•Y fl IT 

VI—x 2 

-A, UX 

— x eiiv^-r- 1 

* 

— X 

dx 


Vl-X* 


= x sin VT — x % > 



12 42 The operation of integration by parts may 
be repeated several times. 
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Ex. J * 2 cos x dx.=x 2 sin x — J 2x sin x dx. (1) 

and J a; sin 3 dx.=x( —cosx)— f 1*(—cos x)dx. 

=—x cosx-j-sin x. 

Substituting this in (1), we have 

f x s cos x dx=x i sin x-|-2x cosx—2 sin x. 


12*43 f Va a ~x 2 . dx. 

J 1 dx 


-Jar —x 2 . x— J -J{a?—x' i )x 


dx 


xy/ar—x' 1 -f- 


xj a 2 —x 2 -|- 


JvsS: 

J 


dx 


n 2 —(a 2 —x 2 ) 


dx. 


\/ o 2 —x 2 

JNote this step. ] - 

xja 3 — x- -f- j" —a~ ds — / 'Ja?—&dx. 
Transposing. 

2 j va 2 -® 51 dx = xv/a 2 -x 2 + a * J j a z_ x i * 

y y/a?—x 2 dx = Wa 2 —+ | 8in_1 *p 
[ Compare this with (ti) Art. 12*32]. 

12.44 J e« ein 6x dx. 

= sin 6x-/ — (sin 6x).-- dx 

o J dx « 

e ,x sin 6x 6 f 

e= --/ e* r cos ox dx . (1) 

O Cl J 
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Now 


cos bx dx 


/*■ 

, .c* x f d 

= cos 6z_ - {cos 6c). -L dx. 


e at cos 6a: 


a 


+ 


if 


e* x sin bx dx 


.. by substituting in (1), we have 

J e“ x sin 6a: cfo= 


fe ax sin hr b 
—— .. — ^ 

a a 


e at cos bx 


'09 bx , b f ) 

a + ~a J e “' sin bx dx -{ 

( 1 + h ~) f e« sin bx dx = 6fcBX cos to 

N a ~ / J a " 

or (a 2 -f 6 2 ) J S* sin 6a: rfa:= e ° x (a sin 6a:-6 cos 6a:). 
Hence f e°* sin 6a: rfa: = e -^- a sin to-6 «°8 to) 

J a*+6* 


■ = v5rF =6in ( 6 *- tan '' 

Similarly it can be shown that 

f cos bx dx =f - (a COS h *+ h » ?n *£) 

7 a»+6 2 



= vl^ C03 (^ tan - 1 {). 

Exercise XXXVHI. 

Integrate the follog expressions : — 

1. xe x , x 2 e x . xt nx x 4 e x . 

2. log a:, a: log x , a: 2 log a;, -L log a:, a: 4 log *. 

X 

3. a: sin x (P.U. 1950) x* sin x (P.U. 1951), x sec* x, 

x tan 2 x. 
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4. .r cos 3*. * sin x cos x, x cos* x, x cos nx, ** cos ox. 

5. tan" 1 *, * tan- 1 *, * sin" 1 * 

6. e x sin *, e x cos *, e~ 2x sin 3*. e** cos * (P.U 19o3). 

7. Integrate c x sin 2 * nDd c x cos 2 * and hence show 

that | c* (sin 2 *-f cos 2 *) d*=e x and account for this 
result. 

8. Evaluate (t) J e x sin * cos x dx. 

(ii) J e x sin * co9 * cos 2x dx. 

9. Calculate (t) j” r sin x d*. (it) z 2 sin * dx. 

10. Explain the fallacy in the following : 

f l-T*-*- J x—f x (-x^ dx 

i.e. J*-~ dx =1 -f* J* •• 0 = 1. 

12 5. Integration of Rational Fractions- An 

algebraic function of the form /(*)/* (*) whore/*) an ft 
<p(x) are polynomials in .rand <f> (*) is resolvable in o 
factors, can be readily integrated by first splitting the 
function into partial fractions. 

12 51- When the decree of the numerator is equal to or 
greater than that of the. denominator the numerator n divided 
by the denominator until it is of lower degree than tie 

denominator. 


Ex. J 


r 2 — x 


*+l 


dx. 


7- — X 


By division, we have^—^ = *— 2+ 

= Jr 2 -2r +2 log (r-f 1). 


I 
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12*52. When the denominator contains linear factors 
which are not repeated. 

The expression should be split up into partial 
fractions by the following rule :— 


If *— a is such a factor and 


x—a 


is the corres¬ 


ponding partial fraction then to find A, suppress the 
factor x—a and put x=a in every other portion of the 
fraction. 

/(*>_A B (x) 

(x—a) F (*) x—a ~*~F (*)’ ‘ F(a) 


Thus 


The proof of this is left to the student as an exercise 

Examples 

E * »• Find / -5rrSi=3) 

Here the numerator is not of lower degree than the 
denominator. Therefore first by dividing out we have 

*2+2*+8 5*+6_ 

(* —l)(x—2) (*-l)(*-2) 

Now we break 7 —-f* — . into partial fractions by 

(*— 1 )(*— 2 ) 

the application of the above rule and get 

5*+0 _ 11 10 

(*-l)(*-2) x-i * x—2 

the given integral = J( 1+ — x—l )*** 

=* + 16 log(*—2) —11 log(x—1) 

* dv 


Ex. 2. Perform the integration,^ 


We have 
* 


* 


3+4x+x 2 


3 


'(P.U. 1933) 


3+4i+^ 2== (*+l)(*+3) “ 2(*+3) 2(* + l) 
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given integrals} J dx 
= i[3 log (x+3)-log(*+l)]=} log 
Ex. 3. Find f — - 

J (i+*-)(*-t * 2 ) 


TT 1 , P 1 1 *1 

° r0 (l t ?j( 4 +^c i ) S=t LT+^ 4 + x 2 J 

the 8 iT0n integral = J 

= i tan-»x-f } tax- 1 -|-- 

12*53. When the denominator contains repeated linear 
factors. 

Split up the expression into partial fractions as 
below:— 

Ex. 1. Evaluate f -—^—-—. 

J x 2 (l — x) 

1 A B C 

x 2 (l-x) x + x2 + 1—x 

l = Ax(l —x)-f B(l—x) + Cx* for all values of x. 

If we put x= 1, wo get C=l. 

It we put x=0, we find B=l. 

To find A, equating co-efficients of x 2 , 
we get, 0= — A-f C .*. A = C=1. 

Honce /-3fcr-/(T+i?+-i^)* 

= log x-~-log (1—x). 

JO 


x _2 

Ex. 2. Integrate;-- = —.-- 

. (l—x 8 ;(I —x) 


Wo have 
x—2 


x —2 


(l-x*)(l-x) (l-x/ 2 (l+x) l+x + 1—x + (l-x)» 
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a?— 2=A(1—z) 2 -f B(1 -}-x)(l—x)-f-C(l-j-x) 

Put x = — 1, 1 and 0, we get A = — £, B = —£, C= — 

• f ( x ~ 2 ) dx 

J (l-* 2 j(l-:r) 

= J[- 4(1'^T “4 (i-x) “ 2(1 -xj ~] dx 

= -2 log (l-+-^)-P^ log (1 —a:)—^ 

, , 1—x 1 

° S l-fx“ ^(1 —a:)* 

12*54. When the denominator is a quadratic having no 
linear factor. 

Ex. 1. Find I when I=f_^!±if +l ° 

J z~ + 2 


•I* 2x -f~ 6 


dx. 


Here^+ 4 2±l°=l + 2*+ 5 


x a + 2x+5 


2 2 +2x + 5 
2x-j-2 




+ 


x a -f-2x-t-5^ (x-fl) a -f-4 


= x+log (x a +2x-fo) + g tan- 1 *** 


Ex. 2. I 


J 


4x a -f-4x—2 


x 3 -l 


dx 


Assume 


4z 2 -f-4x— 2 


A Bx-fC 

T 


X 3 — 1 X —1 1 X 2 + X-fi 

/. 4x 2 +4x-2=A (x a +x-t-l)+(Bx+C) (x-1) 

Putting x = l,0, we get A=2, C = 4, equating co 
efficients of x 2 , we get A-f-B=4 B = 2. 

TT 4x a +4x-2 2 , 2x+l 3 

Ilcnco = i= r + *>.;-*+1 + 


+X+1 1 (x+ A) 2 +£ 
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9 • 

I= 


2*-}-l 


i + 


+*+i T (x+|)*+3 


3 


cfo 


2 log (x—1)+ log (z : +z+l)-f- tan-1 

V«V~ y3/2 

2 log (*—1)4-log (* 2 4-*4-l)4-2\/3 tan- 1 (2*+l)/^3. 

Exercise XXXIX 
Integrate the following :— 

** (*—1) (*—2) ( m )(*-a)(*-&) 




(P. U.) 


3:2 **+ 2**+4 ✓ •••» «* 4 - 2*+3 

=1 (#0 —*+2“(“ # > -*+T“ 


l 


^ *- 4 - 8 *—9 ^ (*-f2) (*4-3) 
x 2 —5x4-ft 


2*4-3 * 

™ (*•*) **-*-2x4-1 


* 3 4 - 6*-8 


2 


^i^ti-w-;r^-w ( ,_ 1)( ,_ a) 


4. (!) 




1 +X+2/ 2 


t*-l) (*+1) 1x4-2) {n) z(zTW('Sx+ij 

1 , ** . 1 

“ 4—00 


5- (*) ari'—l( 14 ) (*--H) ( 2 x 2 -t-l) ( * M) (**+«“) (* s + 6 *) 


6 ' (f) (*-!)'*''(*+1) (f<) (*-1)2 (*4-2/ 1M ) (*2-1)2 


7. (») 


1 


(P. U.) (ii) 


10 * — 21 


(l-*V*'“ v ‘'' (2*—5) (2*-3j 

fi fi\ x+l ,.., 2*2 4-3*4-4 ..... *2 

8 * (,) Sr+to+T-^^+fS^iiT (m) “^+2 


(P.u.) 


*4-10 


Evaluate :— 

9. fi> r ;+ ,r ‘ n :? d 9 




see 2 0 <f(9 


10 


■ <0 f 


*12 


tau*0 

co sG d9 ... ( 
4 sin@4-sin 3 0 J 


tan 3 04-4tan0 

^ 7r coPr (]x 


q (l-ftinx) (24-sin *) 
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CHAPTER XIII • 

APPLICATION OF INTEGRAL CALCULUS 

13*1. The integral calculus finds its application in • 
almost all scientific investigations. In this chapter 
wo consider only a few simple cases. 

13 2. Application to motion along a straight line. 

Suppose that a particle moves along a straight line OX, 



commencing its motion from the point 0,v where its' 
velocity is u. 

Let it describe a distance x in time t, arriving at P ( 
where its velocity is v and acceleration f. 

Then by Articles 6-21,6*3, we have ; 


dx 

V = — unu , — dT - ~dt*’ \ 

The particle may be moving, 

(») with a constant velocity, 

({{) with a variable velocity and constant acceler¬ 
ation. 

(Hi) with a variable velooity and variable acceler¬ 
ation. We illustrate these cases by taking numerical 
examples. 

13 21. Ex- 1. A particlo starts from a point at a 

distance of 15 ft. from A and moves along a straight 
road with a constant speed of 5 ft. per sec. How far 
is it from A at the end of 4 secs ? 

If 8 is the distance described in time t, then ^=5, 


and 


, dv d 2 x 

f IT or Jti * it 


by integration, we have 

237 


«=5<-fc. 
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Now since the particle was initially at a distance 
of 15 ft. from A, i e. s= 15 when t=0 
l5=0-fc. i.e. c=15. 

Hence a = 5t 4-15 = 5x44-15 = 35 ft. when f=4 secs., 
the result is otherwise obvious by simple arithmetic. 

E.x 2. A particle starts with a velocity of 6 ft. 
per sec. and moves along a straight line with a cons¬ 
tant acceleration of 3 ft. per sec. per sec. How much 
distance does it describe in 5 secs, and what is its 
velocity at the end of this interval ? 

If s is the distance described in time t and t; be the 
velocity at the end of this time, we have the acceleration 

dv « 

“ d ~ * 

.'. by integration v=Zt-\-c 

Since the particle starts with a velocity of 6 ft. 
per soc. 

v—Q when t =0 .*. 6=0-fc i.e. c=6. 

Hence v=3t+6 .(1) 

This equation gives the velocity of the particle at 
the end of any time t. To find the velocity at the end 
of 5 secs, we put t —5 and get 

v=3 x5 + C = 21ft. per sec. 


Now 


putting 



in (1), we have 




Integrating, (2) wo got s=« c' 

Since we measure distance and lime from the 
starting point, we have 5 = 0 when J = 0 .*. c'=0 

Hence <* = (U 2 -fGi .(3) 

This equation gives the distance described is t sco. 
Putting t = 5, we get s = j| x25-J-6X5 = 67i it., 
the distance described in 5 seconds. 

Note. The results (1) and (3) are particular cases 
of the usual general formulas v — u+ft and 
u being 6 and /, 3 in the above example. 
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Ex. 3. A body starts with a velocity of 4 ft., per 
sec. and moves along a straight line so that its acceler¬ 
ation after a time t is 3f 2 -|-6 ; find its velocity and the 
distance described by it at the end of 3 secs. 

Let v be the velocity and e the distance described 
after t seconds of its motion, then 

the acceleration =—= 3f a -f-5 ...( 1 ) 

Integrating (1) we have, v =f 3 -f 5 t+c. 

Since the body starts with a velocity of 4ft. per sec., 

when t=0, v=4, so that 4=0-j-c t.e. c=4. 

Hence t>=4-t-5*-H 3 .(2) 

Thus equation (2) gives the velocity v at any time t; 
to find the velooity at the end of 3 sec., we put 1=3 
and get w=4-J-15 + 27=46 ft. per sec. 

ds 

Again from (2), we get v=——=4+5*-H 3 , 


which on integration gives a=4t-\-'%t 2 -\- 

Since when 1=0, 6=0, 

.'. c'=0 

Hence s=4 *-f-.(3) 

the distance described in 3 sec. is given by 
s=4 x 3+£ (3)*+J(3)*=12+y + y==54« ft. 

Exercise XL 


1. Taking the acceleration due to gravity to be 
32 ft. per sec. per sec., find the velocity acquired and 
the distance fallen in 4 sec. by a body projected verti¬ 
cally down with a velocity of 10 ft. per sec. 

2. A body moving in a straight lino, starts with a 
velocity of 15ft. per sec. and its acceleration after t sec. 
is 12 --G l ft. per sec. per sec. Find (t) the velocity v and 
distance 8 from the starting point in terras of lime* ; 
(:i) when und where its velocity is zero after the start. 

3. If the velocity v of a body be given by the law 
t >=10 + 3 /, calculate the distance traversed in the 
interval t =1 to t= 6. 
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4. If the speed v ft. per see. of a body at time t sec. 
is given by ti=»2f+3<», find the distance traversed bet¬ 
ween < = 2 and t = 5. Find also the acceleration at 
these instants. 

5. A body starts with a velocity of 5 ft. per sec. and 
after t sec. its acceleration is 4 — t 2 ft. per see. per sec. 
what is its velocity and what distance does it des¬ 
cribe after 3 soc. 

JO 

fi. On a certain curve-,—==6x:—2, if the curve 

dx- 

passes through the point ( — 1, 2) and has at that point 
the slope 2, find its equation. 

7. The velocity e of a body in terms of t sec. is 
given by u = Gt 2 -22* -f 12. Show that the body passes 
the starting point twice and find the velocity and 
acceleration on each occasion. Show that it changes 
direction twice and find the distances from tho start¬ 
ing point when this occurs. 

13*3. Application to calculation of areas bounded 

by curves. 

A very important application of the integral 
calculus is to enable us to ascertain the values of 
areas bounded by curves. 

Lot Al’QP* bo 
tho graph of the 

curve */=/(.r). 

Suppose wo 
have to find tho 
area ALL'13, bo¬ 
unded i*y tho 
tho curve, tho 
ar-axis and the 
two ordinates LA 
and L'li and 

puppo'O OL==a 
and OL' = 6. 

Let us denote the area ALMP by A, MP being the 
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ordinate of any point P ( x,y ) on the curve, so that 
0M=* and MP=t/. 

As x and y change, the area A must also change. 
Let o*» $y, £ A be the changes in z.yand A respectively, 
so that A1N=S*, and the area PMNQ = ©A'. 

Now the area PMNQ obviously lie3 between the 
areas of the rectangles MQ and PN, so that 

gA lies between (y-j-gy) 8* and ygx> 


8 A 

i.e. ^-Iie9 between y-\-8y and y. 

dA 

in the limit when &r—>0. r—=y 

dx * 


Hence A= ^ydx-\-C or jf(x)dx+ C=«*)+C .(1) 


where <f>(x) is the integral of y or f(x) with respect to x. 

When the ordinate MP coincides with LA i.e. when 
x=a y A=0. 

0=*(a)+C .(2) 

When MP coincides withL'B i.e. when x=b, let the 
area be denoted by A', 

then A'=(f> (6)-f-C .(3) 

Subtracting (2) from (3), we have 



13.31. The length MN=&r being very small, the 
the element PMNQ of the area may be regarded as a 
rectangle of area ygx or f(x) gx. The required area 
ALL'B fiom x=a to x=b can be divided into an infini¬ 
te number of rectangles of which ygx is a type. The 
area is the limit of the sum of areas like ygx, the 
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summation extending from x=-i to x =6 and and the 
limit being taken as the number of rectangles in¬ 
creases beyond any number, however large, so that. 
Sx-»0. This limit is denoted by the integral 




The integral sign is the elongated form of the letter 
S and was first used by German mathematician 
Leibnitz, about 1075. 

Ex. Find thi area bounded by Ike line y = }x f /, tne 
x-axia and the ordinitei (t) x = 0 and xs=6 (»») x*=3 and 
x = 7. 



This is otherwise obvious, for, by geometry, 
wo have area AOLB = 4(OA +LB)OL — i( 1 + 3) x0= 12. 

(tt) In this case the limits are from 3 to 7 and hence 

7 

the area CMND = -£x a + a- = J(49-9)+ (7-3) = 61 + 4 = 10$ 

3 

Geometrically area CMND = J (MC + ND)MX 

= J(2 + V)X4 = 105 
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13*41. The area bounded by parabola y L = 4ax and the 
ordinate x—'h. 

we are required to find the 
area BAB' which is twice the 
area BAM where AM=/i, 

MB 2 =4aA or MBs2^ 
the required area 


= 2 J ydx = 2 J b 2a-z^dx 


— 4a~ 


.2 


- V* 
— 3 “ 


a 

h * 



— V l \'ah. 

Note. Since lhy/ah=lhx^y/ah=% AM.2MB=§AM*B'B 

. . the area is two thirds of the rectangle formed 
by the limiting ordinate and the abscissa. 

13 42. The area of a circle of radius a. Taking the 
centre of the circle as the origin and any two per* 
pendicular diameters as the 
co-ordinate axes, tho equa¬ 
tion of the circle is 

z 2 -hy*=a 2 . (1) 

The area of the circle is 
four times the area of the 
quadrant AOB. 

the required area 

/« , a _ 

= 4J y dx=4 J ‘Ja 2 —x i dx 


y 


p 

_ 1 


1/ 

N. 

ix 

p 

h 

\ 0 

X 


/ 


— i 

J 

/ 

{ 


I «* 8in _, 


2 


+ 2 


x 

a 


t [see Art. 10 Ex. 12-32 (it) 
P. 223. Also see Q. 10 
Ex. XU]. 




= 2a 2 sin-'l — 2a 2 .~ = za 2 . 

M ' 

Thus the area of a circle of radius a is m. 2 a tesult 
already known to the students. 
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Exercise XLI. 

1. Find by integration the area of 
(*) the triangle formed by the line 

«=£x-|-l f the x-axis and the ordinate x=6. 

[Triangle VLB fig. Art 13*31] 
(ii) Of the trapezoid formed by the line y='2x-\-‘3 i 
the x-axis and the ordinates x = 2 and x=10. 

2. Find the area between the curve 

t/=0c—x 2 , the x-axis and the ordinates x = 2 and x*=3. 

3. Find the area of the curve 

y—x'' + x — o between the limits x = 0 and x = G. 

4. Find the area between the curve y — x 3 — 3x a -f-2x, 
the x-axis, and the ordinates x = 0 and x=l. 

5. Find the area of the parabola 

y=2cy/x between .r = () and x = c and show that it is 
two-thirds of the rectangle formed by the limiting 
ordinate and its abscissa. 

6. Find the area bounded by the hyperbola 
xy=c 2 , the x-axis, and the ordinates x=b andx=a(a>6). 

7. Find the area of the ellipse ~ a + ^- 8 = L 


8 . Find the area of the curve 

(i) a sin x (ii) a sin*x between x =0 to x=:r. 

9. Find the area between the limits 

x =0 to x=a of the curve (») ;/= 6 /(x-f-a) (fit) e x (ii) ceT- 

10. Show geometrically that 

Iv'a 5 —x 2 dx= \ Xv/a 3 —x 2 + ia s sin -1 

Let. P(x, y) be any point on 
the circle x--\-ir-a 3 referred 
to two perp. radii OA, OB 
as axes and let i POB==0 then / 

OM=x, MP=t/= \ o 2 —x 2 and /& \ 

siu 0 = sinZOl M— — - 7 \ 


OP 



i.c. 0=sm 


— Min * 


a 


0 * M 


A 
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Now fydx = f % /a*-x i dx = area OMPB 

= AOMP+ sector POB 


— \ X} J + \<*?Q = \x\ / a 2 —x 2 -f \a 2 sin" 1 —. 

• a 

13 5. Application to Calc ulation of volumes of re¬ 
volution. Suppose the curve 2 /=/ix)[h>ee Fig. Art 13 3] 
revolves about the x-axis. Then the area PMNQ forms 
a disc of volume approximate y equal to Ty 2 %x. 

Taking bv to be infinitesimally small and summ¬ 
ing up such elements in the form of discs, we obtain 
the volume formed by the revolution about the 

r b 

x-axis, of the area ALL'B= j tt y-dx. 

J a 


. 13 51. The volume of a right circular cone. Let a 

straight line OA revolve about another line OC so as 
always to make a constant angle a with it. Then a 
cone is formed with 
O as the vertex and 
OU as the axis. 

Let the vertex 
O be taken as the 
origin, OC as the 
x. axis and OY, a 
straight line perp. 
to OX in the plane 
AOC, as the y-axis. 

If ^COA=--a, the 
equation of the line 
OA is 

-• S/=*tana . (I) 

Let P(r, y) and Qfx+S’x, y+Sv) bo two points on 
the line OA; MP, NQ being the ordinates of the 
points. Then as the area PMNQ revolves about OC- 
it forms a disc of volume approximately equal to 
ny 2 bx = zx 2 tan 2 a$x. [by (1)] 
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If OC a h, CA=r, then r=Atan<x and the required 
volume. 


n n 

= J Tty l dx= J tt x x tan 2 a dx=*tan 2 a 




= £"A 3 tan 2 a=^7: ( Atana ) 2 A =^7rr 2 /j. 

Volume of the cone is equal to one-third the volume 
of the cylinder of the same height and base radius. 

Ex. Find the volume of the frustum of the cone 
formed by the revolution about the x-axis, of the 
line f/=Jx-}*l included between the y-axis and the 

ordinate x=6. [See Fi?. Art 13-31], 

/ • o 

v y°~dx—r, j (§x-f-l) 2 dx 

0 . * O 

.6 

=* ( U* J +3*+i)<fc 

0 

=tt [ 5 I T ar J +Ja: a +a;] 

O 

=-(8+12+6)=26r=81-78. 

13 52. The volume of a sphere of radius a. Let the 

sphere be formed by the revolution of the circle 

x 2 +y 2 —a“ . (i) 

[See Fig. Art 13-42], 

/ a a 

t zy % dx= I 77(a 2 —x ! ) dx 
-a J -a 

l o 


about the x-axis 


a*x—Jx 3 


-a 


= tt [5a 3 -(—§a 3 )] =*7ra s , 

a result already known to the student. 

13 53. The volume of a paraboloid. Let a para* 

-boloid bo formed by the revolution of the parabola 
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y 2 = 4ax about its axis, the parabola being bounded 
by the ordinate x=h. [See Fig. Art 13*41], 

h b' 


The required volume 



4ax dz 



b 



= 2 zah 2 . 


O 


Note. Since 2«aA*~4wA(4a/i)=£nAM. MB 2 , 

the volume of the paraboloid is equal to 
half the volume of the cylinder whose height is AM 
and whose base is the circle with diameter B B. 


Exercise XL1I. 

1. Find the volumes generated by the revolution 
about x-axis of the curves :— 

(t) y=a sin x f one arch. 

(tt) y — a cos x between x=0 and x=J;r. 

[Hi) y=a tan x between x=0 and x=Jx. 

(iv) the parabola y 2 =4ax bounded by the latus- 

rocturn. 

(u) the hyperbola xy=c 2 bounded by x—b and 
x=a (a>6). 

2. Find the volume of the ellipsoid formed by the 

revolution of the ellipse —+ (0 aboufc the major 

axis, (•*) about tho minor axis. 

3. F;nd the volume generated by tho curve 
^2__ x 2_i a8 it revolves about the x-axis, between 

x=0 and x = 4. 

4. Find tbe the volume generated by tho curve 
a ty^x 3 (2a— x) about the x— axis included between 
its point* of intersection with the x-axis. 





PUNJAB UN1VERSIY PAPERS. 

1951 (April) 

1. (a) Starting from first principles, obtain the 
differential coefficients of 
(t) lo^x. 

(*'«) 1/a/*. 

(A) Differentiate with respect to x : 

(t) cos -1 (tanx 2 )^_ 

w tun ' 1 J\ 


— COPX 


-hcosx 

2. (a) Find the nth differencial coefficients of 

(*.) sinv/2x. 

(it) cos 2 x. 

(6) Iff(x)=x 3 -j-3z 2 +15x-24 > find the value of 
fill) by applying Taylor’s Theorem. 

3. (a) Obtain the equation of the tangent at any 
point to the curve y=f{x ). 


(6) Provo that -4--^= 1 touches the curve 
' a b 


y=be ~ a at the point where the curve crosses the axis 
of y. 

4. Integrate any three of the following with res¬ 
pect to x: 

(0 JVl+cosx dx. 

(ii) Jcosec x dx. 

(iii) Jcot 2 x dx, 

W / & • 

(y) J.r 2 sin x dx 3 

5. (a) If y=t ax cos(6x4-c), show that 


y n =(a 2 -f6) 2 t** cos (6x-fc+tan~ l 6/a). 


4 n 
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m rind the abscissa of the point on the curve 
a yi—x*, the normal at which cuts off equal intercepts 

from the co-ordinate axes. 

6 (a) Applying Macluarin’s Theorem prove that. 

z 2 ‘ 3x4 

e BiDs = i-|-a;-i- 1-2 3 4^" . 

( 6 ) The graph of ha3 a turn,n S 

point at P(2,-l). Determine the values of a and 6 
ind show that y is max. at P. 

1951 (Sept). 

1 (a) Define differential coefficient and from your 

definition obtain the different.al coeff.crent of tan *. 

(6) Differentiate with_respect to x 

.. 'lx _\/x 2 -r 1. 

(i) a e v 1 


(it) sin 


-l 


2x 


2 . 


3. 


l-t-s 2 

Find the nth differential coefficient of 

(i) sin 2x sin 3*. (») log (ax+b). 

lh\ If v=c°* sin bx, show that 
(6) y y,-2a yi + (a' + f- 2 ) »-«. 

(а) Show how to find the max. and min. values 

of a function. . . 

( б ) Examine the following functions for max. 

and min. values. 

(i) a sin x+b cos x. 

(ii) 5a^+5x s — 1. 

4 . Integrate any three of the following. 

fdx - («) J a cos a 2 dr. 

' . ' • J sin* cos* 

(tit) j sin 3 x dx. 

(it?) J sin x sec 2 * dx. 
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dx 

Vq-Tw * 


5. (a) Show that in the exponential curvo y—e a , 
the subtangent is of constant length and subnormal 
vaiies as the square of the ordinate. 

( 6 ) If sin y=x sin (a+y), prove that 

dy_ sin 2 (g-l-y 
dx sin a 

6 . (a) State Taylor’s Theorem and apply it to ex¬ 
pand log ein(x-f/t) and hence find the value of 
log sin 31°. 

(b) Expand by Maclaurin’s Theorem 8 in - 1 a; in 
powers of x. 


1952 (April). 

1. (a) Differentiate ab initio 

(*) V ax+b. (it) sin' 1 ®. 

( 6 ) Differentiate with respect to x 

(i) + (tan ax)**. 

(it) y/einy/x. 

2. (a) Find the nth differential coefficient of 

(i) log (<zx+ 6 ). 

(it) cos 3 x. 


( 6 ) Use Maclaurin’s Theorem to prove that 


tan- , (l + *)=f+*—?!+£ + 


3. Show that f(x) is max. at x=a if0 and /*( a) 
is negative. 


( 6 ) Examine for max. or min. the funotion 
3sin 2 * x-f 4 cos 8 x. 


4. Perform the following integration with reepeot 

to x. 



dx 
z 2 — a 2 


or 



_ 3x-f2_ 

yj 3x 8 -f-4x-{-7 


dx. 



PAPERS 


251 


(b) J tan 3 * dx 

/ dx 

la 2 —£“I 


or 


f _ d* 


+ y/x-\-b 


s dy 


(a 2 —£“) 

e (a) Find the condition that the conics 
Jz 2 -f im/ a ==l and I'^+wV* 1 may cut orthogonally. 

(6) Show that the triangle of max. area inscribed 
in a circle of radius a is an equilateral triangle. 

6 \{ f( x ) =* 3 —2x+5. find the value of /(2-001) 

with the help of Taylor’s formula. 

1952 (Sept ) 

1 Differentiate with respect to x from first 

principles, (*) tan*. (»'*) 

(6) Differentiate with respect to x 

... fx z —'2ax 

(l) ^Jbx-cz* 

(«) if &i 2 +cxy-\-6 y 2 = l, find 

? (a\ Find the nth derivative with respect to x of 

sin (6x+c). 

lb\ Deduce Maclaurin’s formula from Taylor’s 
theorem and state the conditions for the validity of the 

formula. 

3 (a) Give the geometrical interpretation of 

(6) Find the angle between the two curves 

(») y=x 3 . (o') 6y=7-x a . 

(c) Find the equation of the normal at ‘6 to 

the curve *=a cos 9, y=b sinfl. 

4 . Perform the following integration with respect 

to *' ( 0 r f dx 

W J (2**+3/ J 


n/1 + 12*-0** 
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(6) Jsec £ dx 
( c ) j *V a 2 —x s dx. 


or 



dx 

9o 2 -j-5x a * 


5* (o) It is required to form equal circular cylin¬ 

drical closed can ot maximum \olume from a thin 
sheet of metal ; find the relation between the height 
and the radius of the base of the cans so as to obtain 
the best results. • 


(6) Show that the sum of the inteicepts of the 
tangent at any point to the curve y/x-\-y/y=\/(i on 
the axes is constant. 


6. 


. . T , , . tan x 
(a) Expand log — 


x 


... , dy. c ... .- a + b cos x 

(6) Find -- if (t) y=cos 1 - 

' ' dx 3 6+o cos x 


, (ii) y=(sin *)*“*+(tan x) alD * 

1953 (April) 

1. (a) Find from definition the differential co* 
efficients of the following with respect to the vari¬ 
able x, - \ 


(*) x° («) n x (in) y /sin x where n 
is a positive integer. 

(6) Differentiate with regard to x 
cos (sin y/ax+b). 

i 

2. (a) Differentiate with respect to x 

(») tan -1 (sin x + cos x ). 


(«) log 


o + 6 sin x 
6 — o sin x’ 


• "1 

(6) If y = — P - n x -., show that 

Vi— 

a (1—a:*) —arj/=l. 

3. (a) (t) Find the nth differential coefficient with 
respect to x of sin (ax+6). 
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(«) If y=c ox sin bx, show that 
S + {a 2 -\-b~)y=2a 

(6) Apply Maclaurin’a formula to deduce that 


x* 3x^ __ 

fc.»« = l+ar4- j.2.3.4 


• •• •-*••••• 


. Ia s Fjnd the equations of the tangent and the 
4. (a; , nU ii- (>/» i_o ^,.2 = 225 at the point 

normal to the ellipse ‘J x- + ~*y - J 

/ 5 :w\ 

V 2 ’ 2 /* 

(M Proved that the least petirnet^r of an iso- 
seeles triingle which can he c.rcumscrtbed to 
of radius a is 


a u » »• w — • w — — - 

5 (a) Differentiate with respect to x 


a—b sin x 


m0 . -i a — u Mu 

12 tan x .... ro3 -i__. 

-—• (»») C03 b ^ a6luX 


m VT+i* 


dy 


((,) If z=a (0+sioe). y= a fiDd di • 


6 Integrate with respect to r : 

dx ~ J- XdX 


<“)/ a : 


or 


y J*+x* J 3-t*4x-t-x :4 * 

(6) f sec x(/x or J cos 3 x sin x dx. 

(c) J x Bin x dx or J e"* cos x dx. 

1953 (Sept ) 

. („) Differentiate with reHhect to x ab t 10 

' L\ (ar-f 6) D where n is a positive mtege 
(t'») sec x («*) y/ax+b 

lh\ Differentiate cot (sin y/x). 

9 Differentiate with respect to x 

(0 !<*• * 

dy : 


a cos x—b sin x 
(tt) Sin 1 ^ ~ c0;J a: 


(6) Find-^if(tan *)'=(t*n !/> 
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3, (a) Find the nth derivative with regard to z of 

(i) x/aT+7 (”) eX 8in * 

( 6 ) Obtain the expansion 

, 2x 2 42 * 

e x sec 2 = 1 + 2 +- l—5- +... 

* 1 I O 


1.2 ' I- 


4. (a) Interpret geometrically and find the 

angle at which y 2 —2 2 and 2 2 + 2/ 2 =8 intersect. 

(61 A cone is circumscribed about a sphere of 
radius a ; show that when the volume of the cone is a 
minimum, its altitude is 4a and its semi-vertical angle 
is sin -1 

5. (a) Differentiate with respect to 2 

«> *£§±^ 3 . 

(b) Differentiate 72 5 -ll2 2 with respect to 72*—16*. 

6 . Integrate with respect to 2 

dx 


(a) J 


sin 2 +eos 2 

( 6 ) J sin 2 2 dx 
(c) Jx log 2 dx 


or 

or 

or 


f 


r (32+2) dx 

J (2+1) (22 + 2) 

J e x . 2 2 dx 
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(w) 


1 


T=- (*> 


X 


2 x-\-c v ' x a +o 2 

1 _ 1 

3- (0 — Aj._|_7)2 » 49 * 


121 


(ii) ; 4.4 («•») *(•+*); 1°. is- 


25 ’ 9 

3 


(5-ax) 1 

4 . (*) («) -ix- r K«) b + 2 cx. 

5. jc/VI+x 5 * 6. 50—32f, 18, —14ft. per seo. 

7. 18—6«, 6, —6ft. per seo.; 3 sec. 

Ex. IV- Page 29 

1. ( i) 9X 8 . (it) 21x a . (iii) 0. (iv) f*. (v) 0-7. 
(w) 3x°. (vii) 6 1. (vi ii) -Jaf ** (**) z 3 . 

(*) (xi) (*»> 3/20 4 • 

(*»») — 8 ^-- (w) 2- (*»>) [4 » 

”** 4. 4* r 2 , 36s, r=0 ori 7. l-4cy-*-\ 


1 3 
-T? 


3. \kv 


8. (i) 6(3x4-11)* (“) 


4 =. («<) -|(5*+3) _§ 


Vbx+5 


(«> « vo-**) -1. 

Ex. V. Page 34. 

1. (i) *»+*—1. (it) 2«<4-6. («i) (12— 

(tv) {3pz*-\-gz—r)l2z* . 

2. (i) 2x4-04-6* <«) (y4-3)(3y4-13). (m) (0-M)/**’ 
(tv) (2x-3)/3«* * 


1 


1 


3< 1 2 ! ^ 6 ! 

4. (») 12, 0 = 1. (ii) 166. 
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7 —2ft. per sec ; 1 or 4 sec. 8 . seo. 

gl After 4* sec. at a distance of 202 ft. 

E*. VI. Page 38. 

t , 2 (i) 3(l+*+* 2 ) 2 ( 2 *+ 1 )* (ii) * /nA +1 ‘ 

*• L% U . . . 1 a—x 


x ji 

(Hi) 5(* + ^r) ( l "“ ^ yjtez- 


.a # 


(0 




M x + 


A 

* 


>/**+&*’ 

2(1-t 2 ) 5 

(vii) 7(af+6) (af 2 +2W+ c ) 

1 

( v> ^) 4\/n-a: V 1 + ^ l -\~ x - 

_L (ti) 2f—1. 

4 . 2c (a-^bc+bet). 6. (0 t 

..... 00 + 1 

C »0 73e*‘ 


8. (0 


2—g 
2 / 


*(2-3*) (iii) /fL. 
• (u) yW - 2 ) ^ * 


„ r *i f> 2 * 

<"> ~y+T’ (t0 ~ aV _- 

t 9 7 /i+v*. 

9 . 99 . 10. 3 /. s. c. 12. W—^— 

13. (0 $*"*•• (ii) ** * 

(3x 2 —3x—5) (2g-H 

14* i\Jx l —x 

Ex. VII Page 44. 

! 28*+ 43. <“> 2(3 * 8+ ‘ +1) - 

(m) —84a: (1 + 4*) 2 (1—3*) 3 . 

(tv) 5y 4 + 8 y 3 - 3 r~ ~ 1 °y- 

(v) (6z—2—5 z 2 )/n/ 3—*2z. 

(ti) «(1— 
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2. (i) 2(2z 3 +3z*— 2ar — 2). (it) 5»9 4 —60*—15. 
(m) (*/4-3) 

(»») 10u 4 +J2u 3 + 9 w 8 + 14m +7. 

s. to («) m -* +h,J 


x—y* 

i 


y (2s*—t/ a ) 


ftz+ty' 


(it;) - 
4. -64. 


!/' 


4 


E*. VIII Page 47 


ad—be 


t ( '\ 

L (t) (c*+d) a * 


..... «* n “ l 
<“’> (I+x»i a - 

(fH-.w*-®); 

(s-1) 3 

.X ~2Z 

< w) ff+5p 

-i 

2 - (i+*;v*+ 2 * 


(ii) 

(i») 


(w) 


1 —z 2 

(l-f-3 8 ) 2 ' 

2 (^- 1 ) 

(l+x+s a ) 2 

—2a? 

(1—z) 3 ‘ 


. 2z 3 —3z 4 —_I^ 

{vtt) (1 -fz—3x 2 ) a ' 

—a 2 

X 2 \/ a iZ x 2 


(«) 


(Hi) 


(v) 


a 


. . z—-VaM 


> 

A 


( a 2_ I 2)S‘ 

-1 


(li-ZjVl— 




(«) o 


ti v' a 2 4* x* 
1 


(m,) u+v 


2( 1 — 2z) \/ x( [ _ 2x) 

( V m) Jt(l± 2x z x2 ) 


3. 


a 


v/a-—z'Cv^—x 2 -j-a) 


e 2 < 

5- (') 


(ii) 

1 ; 2a* * 
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6. 2 (l+z )*-(2 + x)*. 

] M-bcW x+W 

7. W (I+i*)** (U) &d'-b'c'){cx+d)*- 


8 . 


na .n+i — (n+ l)x n + l 

O^z ) 2 


»• _ 

9 * ^ ^/ a t **(v/a 2 —a: 2 — a )* 

(*«) K 1+ v#^i)' 

(*•') —|r( 1 +vT^> 


(<•) 


£ 


\/x* — ^ 


4*1 • 


10 . 


6 —2ac 


2(6—c.x) \/(6 — cx) (r—2 a) 

Ex. IX Page 56 

1. (*) -3 sin 3x. («) —n cos(c-nz). 


(ui) cosec 2 7x°. (to) 3 sin 6 x. 

(t>) sin x. (w) nx n- 1 ( 6 in nx+x cos nx)« 

(m) sec WylVy- («») - 2 cosec4 ** cot **' 


(*0 7 


cos 0 


(z) 


3 sec 2 z(tm c— 1) 


2 \/sin 0 

2 . (i) $(- r > cos Cz+cos z). 

(ti) cos 4 x—3 cos 2 x sin 2 x 


2-v/tan z 


3(1 + 3 cosCx) 


(iii) sin x(l-f sec 2 x). (-) 


(») 

(r») 


coc \ 0 — 0 sin 

2 V© 

b ec 2 \/x4-co. c e c 2 y/x 

2 V x 


cos 40. («wi) sin z. 


(tx) — cos X. 
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3. (i) 

m 


(v) 


1 + sin x 
cos 2 x 


(n) 


2 sin 6 


(l-fcos 0 j 2 ’ 


- 09 \ (iv) 2 sefc a; (sec: x -f tan a;) 2 . 


( 1 —sin | z) 2 
x sin x 
(1 —cos x ) 2 * 


(ui) sec 2 2 z. 


' 4a; cos 2 a;—sin 2a; 

(n.) - 

, ... v (z + z 2 )cos 2z —2 sirf2z * . 

(vm) -—* 

4 . (a) (t) wi cosec 2 a;.sin (to cot x). 

( ii) (sin x+cOs x) cos(sin a;—cos a;) 

( 6 ) —a (sin Vax+fc) cos y'az+bl'ls/ax+b. 


_ ... cosx 

5 * (0 4 » —• 

^vflin x 

..... cos \/x 

(m) -■ -. 

4 V x sin y/'x 

6. (6) 4 n tan nx sec* nx. 

7. (/) - 6 cn ^. 

CL 

..... 6 tnn t 
(ttt)- ~. r • 

8 . (t) —cos 2 (* + <>) — 1. 

ein x(2x cos x—sin x) 

{n) - 


.... COS \/z 
(»») - 0 —^— 


2 yz 


1 


(it) tan — 9. 


(Hi) 


x 2 

I # • 

y cos r—sin y 
x cos y —sin x 
10 . (t) sin 3 x. (ii) cos x 2 . 

Ex. X Page 68 

3 


(m) —sin a x/x 8 


1. (0 


V1—9x a * 


(H) - 


V x -0 x * -4 
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(Hi) - 


(v) 


1+Z 2 ' 

1 


(iv) 


0V6*—l 


2V x s/i=i' ' <v) ~ 


(4x+l)\/x" 


2. (.) -1. (,t) 2xtan-'i+l. („i) 

n/cos 2z 2 


(iV) 


(vi) 


l +z 2 • 


(f) sec-^x-f- 


Vx*—l 


1 . ... 6'tnn- 1 2x) 3 

=7T/r ^r=T- (•») -r^T-o— 


<«*> S+TSSV 

3. (i) sin -1 x. («) cos -1 2x. 


l + 4x 2 * 


(*'f) ; 


cos x— sin x 


' 2( 1-|- sin x cos a:)* 

(yi) 006— 1 x-Xy/YZ^ a 

4. (I) *. (it) ■ 

5. (0 «—- rr = . (it) - 

' 3 cos x4-5 ' ' : 


(tii) 

w *• 


' 3 cos a:-f 5 * 

(til) .-r*- 

6-fa cos z 


V3 

2-f cos x * 


, Vb 2 —a* 

(tf) . --V-. 

6-fa sin z 




Of) 


2 ( !+*•)■ 


Ex. XI. Page 72 


2. —6. 3. (3x-f2)(?x-f 1) * 

2 24 

4 (,) (xVoJ* y (x-f5) 5 * 
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12 


144 


5. 


(U) (z-3) 3 * (a:-3) 6 * 

2 24 

(m) (5+17’ OH-1) 5 ' 

(if) —2(25 co9 10 x-\- 4 cos 4x), 

8(625 cos 10a;-f 16 cos 4a;). 

(v) —2 cos 2a*, 8 cos 2x. 

(it) -2(3 sin 3a —sin a;), 2( 8 > n x—21 sin 3a;). 

(fit) a 2 :12—a 2 )'in x+bx* cos x , 

(ar*—72x 2 +24) sin x-\- 6a:(6— a; 2 ) cos x. 

3(I-t-4a 2 ) 

(1—a; 2 )* 


(it) 512 sin 4x —16 sin 2 z. 

9, (a) (») 1. (it) 4. (6) (t) Yes. 

(c) (0, 1), ( — 2, -1). 


(it) No 


R. Q. I. Page 74 

1. no 0 - 1 . 

o 

5. (t) 2a( 1-1—(ii) 2 sec x (sec a;-f tan a:) 
N Vx l —U 

iiii) 3 sec 2 3a;. 

c r„\ 2j ?/ + ?/ 2 ,--n 2a: sin a: 2 

«• w <» -5^? “0 -7 c 03 ^- 


a 


(6) (i) 


a; cos \/1 -}-a 2 


2 \/1 -f- a 2 y'eiu 


(») — V “ 


Wa'-b* 


(0 (0 


a -f- 6 coo a 

— a 


(a— vo 2 —a ? ) y/at — x- 
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1 2 X 
(tt) -7T sec 2 



(Hi) yz 

9 

-siii~2x 

, / X " 

or eec z -fx 

>• 




Ex. 

XII- Page 83. 



I. 

(i) 24. 

(it) b 

( Hi ) —1. 

(if) 

2 

ST* 

2. 

2x ; 

(') < 2 , 

4) ; («) (- 1, 

c\) • 


3. 

(1, -9), 

(-1: 

,-1); (2,- 

■0. 

(-2, 

4. 

At 43°. 

5. 

(-1,-2), (5, 1 

0); - 

-8. 

6. 

(0, a), (", 

, 0) ; (a, 0), (-«, 0) ; 




7. (*) (i 0» Ts)> ( 10» is) 

, 3_ 1 V ,_ 

(“> V 2 v/uT* 3v/iU/ \ 2^10 

Ex. XIII. Page 88. 

1. (0 x-'2y = 5 ; 2 *+y-0. 

(«) 2y+x=2 ; y=2a:+6. 

(it/) o*-3y=10; 3*-foy=30. 

(iw) 0*+16^*25 ; 16.r-9y=7 
3*—2t/=l2; 2.t4-3y4-5=0. 

(tt) 3j/ + 2x=l ; 2y-:ix = 5 
(in) 2 t/ 4 - 3*=4 , 2x—3y+6«0. 
ft'iu) y=0 J 

(ix) ba:H-92/= 10 » 9*—8y=18. 

(x) *4 3/=$*-; * 

2. 6t/= 5*4-3 ; 2 y-lx+ i.»-°. , 

3 (j) 2 y= 2 x 4 -l. ( u ) *+ 2 /— dhv — 

* (tit) 2*4-?/ = i i 2 *+^+ 7 =°- 
(if) 2i/4-3#=4 ; 2 r/ 4 -3x4-4=0. 

4 . *=J, 4 * 4 -ty= 3 . 

5. (»') j/ 4 »x- = 2 ; x = 8f/4-49. 

(it) 7/4 -x = 3 ; y=*+I. 

..... , h£Lz- v =t 8x/3 * i 4 i a 

(ttt) 2 /= ±—g * 8 > 9 + 36 


— ) 
3vl0 7 
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6. (t) xaf+yy'ss 5. (it) yy'-\-x-\-x’=0. 

(Hi) xx'—yy'—lQ. ( iv) te'-f I6y/=25. 

0) xy'+x'y+ 12=0. ( vi) 3y'*y=2xx’+x‘ 2 . 

(vii) 8t/=3 (z' 2 -4) x-2x'*+ 16. 

(vm) ?/—jy'=6x' (x'+l) (x—x'). 

(ix) 4^'+% # -f-l) ? /-f-V=16. 

(*) y—y'={x—x') cos 2a:'. 

7. 2/=2:r, y+2x=4. 8. y=±4, x=±4VZ- 

9. 3;/+8a:=10 3 3y—2x=8. 

Ex. XIV. Page 93. 

1. ty—x+at 2 , y=— tx+2at+al 3 . 

2. 2y—'3tx+at 3 =0. 3 . t/+l=0. 

4. y=(2t— l)a:-f (l— l) 2 ; y=x;4y— 1. 

5. ax sec 9—by cosec 6=a 2 —b 2 . 

6- x-y cot W=ah, y+x cot jQ=a(2 + OcotiO). 

8. -JL-; 

y/l+t 2 VI +«*" 

9. (i) y=2x. (ii) y= 0. (Hi) x=0. 

(iv) x=3y, (t>i v—x, y=—x. 

(vi) x—Q, y= 0. (vii) y—2x, y=-2x. 

(viii) y — Q, x-\-y=0. 

10. (*) The curve does not pass through the origin 

0 i) There is no real tangent at tho origin. 

12. c 4 / Vx«+y*7 13. 

14. ^ Y+ 2 ^Xx = ; ( axy ; \a(axy)^ 

15. x sin t-\-y cos t=a sin t cos t ; 
x cos t—y sin t~a cos 2 1 

Ex. XV. Page 96. 

1. (») 0° the circle and the parabola touch each 

other at the origin. 

0*0 90°, tan- 1 J=36°f)2\ (tit) tdn-i2==63»26\ 
(«y) 90°. ( v ) t'in _1 ^,tan“ 1 3. 


(t>») tan -1 2/ v /^/2— 1. 
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3. 45°. 4. 45°. 



m 


1 



Ex. XVI. Page. 100 

1. TO i 90. 2. $,f. 3. >V26, b 4V26, 20. 

4. (3, 0) (2, 0). 5. er/v/2 ; fc a /<j\/2. 

6 . a sin 2 ©, a tan 0 sin 2 ©. 7. a sin t , a sin tan *$t 

8. b io. (-V— §).(-V,f). 

R. Q. II Page 101. 


2 . 

y=8x —2 ; 26° 34'. 

3. (3 - ij a )‘ 

5. 

a=5, 6=V-, c=8. 


6 . 

tan- 1 J? ; 5§, 

7. y=x+ 15. 

9. 

tan -1 YBfli). 


12 . 

4*+3y=14;(-$, 

J 0 \ 

3 ;• 

13. 

#\/3-f 5y=l0v' , 3 ; 

5x—tjy/ 3 = 8. 

15. 

y=x+2a±a s /2. 



Ex. XVII. Page 108. 

1. (i) 95 ft. (u) 53 ft./seo. (tit) 24 ft /sec*. 

3 . (6) (i) 48 fr./soc. moving upwards. 

(i<) — I6ft./sec. moving downwards. 

(c) 80ft./sec., 2Jsec. 

4 . 12 sq. in. per sec. 5. ($, *Y). 

6. 2§ft. per sec. 7. t/=4/z. («) Shortened, 

(t) lengthened at the rate of 6 in. per sec. 

8. (a) on cu .in. per sec. , 4x sq. in. per sec. 

9. \n. 11. 24^ sq. ft. /sec. 12. 4 ft. per min- 

13. $v/3. 14. 5-4mi./hr. 15. 2.13 ft. per sec. 


Ex. XVIII Page 113. 


1 . 0 6 sq. in.: 0 01 sq. in. 
3. cos© 89; z/360. 

5 15-7 cu. cm. ; 3 per 

cent. 


2. 64-24. 

4. 0-0804x sq. in. 

6 . 10 cu. ft. 

8. *?s=l-16 ft.; 0-58 


7. 208 ft. nearly ; 1 per cent. 


per cent. 
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9. 21 ft. 


11 . (») 


26(6—c cos A) 
a 2 


.... fcc MnA gA 

(n) _ . - - . — 

\/6 s -f-c 2 —26c cosA 

• • 

13. 1 per cent. 14. $h=-a 2 b Sb/ic-h. 

15. 10 miles ; 12$ ft. 

Ex XIX Page 118. 

1 . (i) Increasing (tt) Increasing, stationary, 

decreasing. 

(i«i) Increasing, stationary, increasing. 

(iv) Decreasing, decreasing, increasing, 

increasing. 

Ex. XX Page 124 

1. (i) Max. = 13 at #=1, min.= —10 at 3=2 and 

point of inflexion at 3=0. 
(i«) Min.=0 at 3=0, max. = 5 at 3=1, 

min.= — 27 at 3=3. 

2. Max.=6 at 3=—1, min.=2 at 3 = 1, point of in¬ 

flexion (0, 4) 

3. (t) Max. (—1,8) min. (1, 4). 

(*0 Max. (0, 12). min. (-1, 11) and (I, 11). 

(m) Max. (0, 4), min. (0,-4). 

(*«0 Ma -x. (1, $), min. (-1,-1). 

(v) Max. (-2,-0), min. (2,-1). 

{vi) Min. ($, ll) Pt. or inflexion (1, 0). 

Ex. XXI Page 128 

1. (t) Max. at 3=1; min. at x=3, Pt. of inflexion at 

3=0. 

(*' ) Max. at 3= — 1 ; min. at 3=4. 

(m) Max. =—3 at x=l, min. = — 128 at 3=6. 

{iv) .wax. at 3= —1, min.-at 3=7/9, 

pt. of inflexion at 3=3. 
(i>) Ma< at 3= — 3, 1 ; min. at 3 = —1,3. 

[read 0O3 3 instead of 53.C 3 in the question]. 

(yi) Max. at 3 = 2, min. at *=£(1 ; 

pt. of inflexion at 3=3. 
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2. (i) Pb. of 
(tii) Max. 

(it/) Mas.= 

(t/) Max. 
(vii) Max = 


(ftii) Max. 
(ix) Max. 

(x) Max. 

3. @ = { 7T. 


inflexion at x = |x. (ii) Max.=4, min. = 3 
= | at x = £7r, Jr, min. —0 at x = ^7r, 3sr. 

I 1 

■ VS’ 

— min —— (it) Max. = l. 

3V3/ 1G rcin. = ~y* . 

pt. of inflexion at x — — Jtt, Jtt. 
= 1, \ s /§ ; ininima = —], — £v G * 

= 5 ; min. =0. 


1 . ~ 1 

2V2 - = =- 


5 * 

2v2 " ata;= T 


5. a=l, 6=0. 

Ex. XXII Page 132. 

= \/2, min. =— \/2. 

= 5, rain =—5. 

=a, min.=6 (when a>b). 

(it/) Max.<= imin.= ^ (when 6 2 >a 3 ). 


1. (i) Max. 
(ii) Max. 
(tit) Max. 


4. Max.=3 for x=l, min. = $ for x=> — 1. 

5. (i) Max. at x=sin~4* min. at x = \ (2re-l-l)^. 

(ii) Max. atx = ~, min. at x = 0 (Hi) None. 

(iv) Max. =1 at x= ~ 

(v ) Max. for@ = d-$i7. min. for 9=0, “. 

Ex. XX1I1 Page 136. 

1. 2 . 108. 

3. Each = 9. 4. P bisects AB. 

6. 9 ft. by 18 ft. 7. 250 by 500. 

8 . 14" by 14" by 28'. 10. Radius 5 ft. Side 10 ft. 

11 . h — r=‘2 Oft. nearly. 12. h=2r. 

13 Heighc==twico base radius. 

14 h=%s/X s, r = J x /6 a 15 2.45 in. 

16. (i) 2.11 in. (ii) 8"x 8' x 2*. 

17. (») Square. (ii) The includod anglo=90°. 

18. (i) Isosceles. 

19. Anglo of the sector —2 radians. 
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(x) (sin x) l0gX [ cotx log* 4 --^ log 6in *] J 

(*<) (log ^) 8lDX [ -~V + c° s * !°g (‘°g *) ] ; 

(xii) (log cos x —x tan x) (cos x) x ; 

(»«) O+f/M 1 +4)-iix] 

w») Iog co6 ' lx -—i^Vo^x )■ 


?. (i) 7 (l +*•)« ['j-“ 2 + log (1 +* 2 , ] 


1 

(«) -2(001*1* [!o-S? 


1 


+ 


1 


x ein x coo x 


] 


(«0 (*«"*>* [iiriilST- 7-* ,0g,nu *]. 


}_ 

x f tail x , log cos x-i 

(it’) x*(l+lo#x)-(cos x) l x ~ -T JT“ J 

tan x rt^n X , o 

(t>) x 1 -1- eec-x 

■■ 


long xj 


4-o(tan °- r )" x L4nTa7 + log tan 

(ri) (sin x) Un r [l + sec 2 x log sinx)] 

-ftan x) Pin X [ sec x 4- cos x log tan x ] 


1 

1 * 
3. X x log (€X)4-—« (l — l°g Z ) x 


Ex. XXVII—B. Page 165 

« (l' + a + 3 /- 0 ))(^ + ° )ml3 *-" ) 


1. 


answers t 

2 V ^+2 

{u) W • ^1=9' 

_3^+5 5 ±8K*4^1 _ (iv) 

(m) (*+l) 6 (*-M ) 3 

(22x*+65:r + 97)(:r-f-l)*_ 

(tf) — -- 5 B 

6 (x—2) 5 (x-f 3) s 

^2-2* 4-13a;*+lla;*H* , + 2 )V 
(•*) -2 ✓ *(*+!? 
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30*(5+*)* 
(3+*) # * 


(i) (m cos* *+n sin* *) J (“> * 8ec * ** ; 


it.) 


(cos x —sin x) \/oos 2x* 


;»•») 2 ‘ e8in ' *[ 10 e 2+ ^7T^pl; 

(») .- e ' /l, + T [2ioga+ 7 J™. 

ot —^ log 2—2 coseo 2x——■]. 
(ii) ^[ein x° log «+ jfu cos x» ]. 


2* cot, x 
(*) ~ 


(0 


jd. 

1+!/ 


i * 


<*> 


1 


2f/-l» 


(m) 


j/* tan x 
t/ log cos x — 1* 


Ex. XXV11I 

(o ^(f-OCr -2 ) 


(|._, + l)(a* + 6)« 

ii) o n e“ 4 *. (*W) ( 5 lo 8 a ) n ° 6, ‘ 

_ . % 5»(-l) n - , (»-D ! 

tv) 2 D e* x — (—2) D e _2x . («0 (5i+6)“ 



272 


FUNDAMENTALS OF CALCULUS 


( y j) . (r»i) o n cos(3a; + 4-f$n;r) 

2. (0 — 2"- 1 cos(2a?4-i»s) ; 

(u) l cos(a;-{-£/*-)-}-!* cos(3z4-4nr:) ; 

(iti) 4 cos(x + | mr) — £.5 n cos(5x4-^ht) ; 

(iy) (2 log 3)°.3 tx j ( v) (v/2) n sin (y/2x+\wt) ; 


(vi) (— 1 — 1) ! f—- +-i—1 

J Li" (r+fljxj 

r—1) D n !p_1_ 1 

~ 3 [( ar _l)x-»i (;r + 2)‘‘* v 

r_i___L_i 

L(a—a)»+‘ (a*— 


(«**) 


. .... (— 1) D n ! 

(W,) a-ft - 


(•'*) 


(-1)" n ! 


3. (t) 2 3 “-i sin (8a;+$*::) + 2'>~ 1 sin(2a;-f-ins). 

(<<) 

Mil (-«)"(» +2) ! . 2n-t(n+2) I 

1 ' 2(aa?+6)“’» * ( * (3—* 

4- (0 (\/2) p e x sin(ar+ Jwn). (ti) 2°e x cos( A /3x-f $nx). 

(iii) (26)^ n e )X sin/ar-f-n tan -1 *). 

Examples Page 175 

(0 (it) l> n - 2 e bx [6 2 x a + 26na;+n(n—1)1 

(»i») 3n-« e 3x[sia^-j-108»ia; 3 -|-54n(n— 1 )z* 

+ 12w(«—l)(n- 2)a:-f-ii(n—l)(n-2)(n—3)]. 

(iv) *»siu (*+^)+3n**sin(*+^p W ). 

+ 3n(/i — l)z sin ^.r-f-^^Tr ^ 


(v f 6 ir l) n (n-4) f 


+n(n-l)(»-2) sin( ar-f^ 3 * ). 


x u 


-a 


ANSWEHS 
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A (a\ e}' c ar 5 (lGz 4 — 32x 3 +43z 2 —48x + 24) ; 

4 ' (6) (i) —243x 2 sin 3x + 810 x cos 3x+o40 sin 3* ; 

6. (t) 2 sec 3 a:. (t'i) __ e -2x ; 

-7- /• \ 2x y~y~ 

(iii) /-*• (»’) 25^7*’ 

Exercise XXIX Page 184. 

8 ^i^5 + f! X3 + l 9 5+ W t, ^588':.j») 0 0523. 

8 ' S 0-9397. ^ (U) 0 1763. (.) 10487. 

Ex. XXX Page 188. 


. .v . . . 

5X *-+ 

6 lx* . 

- ■ "I 1 " • • • 4 

(0 1 + 2l + 


0 l 


2x* 

l6x° 

(») - Xl 

4! 

" b ! 

X 2 

X 3 
4- -- 

— —_ i • • 

(») a; -^ 

+ G 

JU 


5x 5 


fix 7 


+ 


(it) Z+ -yj+ -5“f *} l 

(tit) log 2+^+K"i5! a:4 +. 

(t'y) *—i** + §**+. 

(Hi) 1 +x+x 2 + ^+. 

(ty) Jx 2 -^V , +. 

2 - 2 * . 


(v) * + x*+ 3, ^ 3 - 5j 

(vi) . 

4. <0 !-• («) i- (,ii) 120- 

* 1 


1 


(ty) log — 


5. 


1 , 6 = 2 . 
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Ex. XXXI Page 193 

3. («) e*[ l+(*_2)+ - ^ : r+ -^f-+ . ] 

(it) 27+45(s-3)-f22(:r-3) 2 +3(*-3) 8 . 

(in) l+2(*-i.T)+2(*-i*)*+5(*-i^+. 

( iv ) cos2— (x— 2) sin 2—- —^ cos 2 


5. 


+ fibrin 2+. 

(«0 *x+i(*-l)-£(*-l)»-fi , I (*-1)*+.... 

. ar 2 a: 3 

(t) cos a—x sin a —. cos a-f T.r sin a+ 

— i o! 

(it) sin a-J-(a:—a) cos a———j—- 6in a 


(r—a ) 3 

-— cos a-f 


Ex. XXXII Page 195. 

1. (0 — 2*539. (n) 9 010006001. (m) -2 357375. 

2. (0 0*50301. (u) 0*49697. (m) 0 86428. 

(t») 0 03142. 

3. l+2*+2a*+fc*+y*4+.; 1-03554. 

Ex. XXX11I Page 203. 

[NoteXjtaM the constant of integration to the 
.nswers^oWtulefinite integrals], 

l. 1 U-i) 3 ; -s (i-*) ’ ; log - 2 ~ r)y ; 

1 


3 (1—x) 3 ' 2y/l X ' 

2. i log (2x+\) ; -log (2—ar) ; 2 ~— a ; 

~ 5 (4+ 5x7 ‘ “ T "* ( 4 ”“ 5x )* 
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3. -j (4-Jr) -5 (3— 2x)* ; - (3-4*)« ; 

A(2*+3) J ; } (2x+5) ? 

6x 1 

4. J e ; — ic 2x ; } e Tx * 3 ; —e* x+b 

2* 6 X x b * 1 c 2x 
log2 ; log b * 6 + 1 ; 2log ~c 

6. J sin 3a:; £ sin 3a;—J cob 2x ; 3 tan $9 ; 

. 3-2a: 

f COS--- 

7 . — \ coa’x ; 4 sin2<9 ; cos (4—a-) ; tan (nx + a) 

8. — J cot 2a: ; sec x ; — cosec x ; —£ sec (3—4c) 

9. (*) cosec 0 — cot 0 (ii) sec x+tan x 
10. (») cot x ( ii) tan x. 

Ex. XXXIV Page 207 

1 . 3 + 5/ 2 . (t) v=l+x 2 (ii) 3x*-4 
3. 433 ; 4 ; 0*01 ; 2* 4 . 2 ; } V 2 ; 2 X \ ; 8| 

5. A ; J a - n 6. 1 ; 1 ; 2 log A. s log 3 

7. \ ; 0 ; 1 ; 1 8. 0 ; i (sin 26—sin 2a) ; 0. 

9. V-- 1 ; o ; leg 2 10 Jrr ; i- ; 

Ex. XXXV Page 212 

1 . O') iz*-ixH**+z 00 x 3 +x-2-0x~ 5 

0*0 lo 8< + 7-^r- 373- 00 S-*V*+2 N /x 

2 . (») 5 O+l) *-2 (x+ 1 )* (it) 2 x+ 2 )og ( 2 x— 1 ) 

(•»•) i (a: + 5) 5 + | 0 + 3) 58 

3. 0) 37a^6) [( X+a)3 ~ 00 i*+i 2x 
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(in) ft cos 30—| cos 0 (iv) — x— cct x (u) z+foos lx 
( vi ) ta nix (vii) tan x —sec x ( viii ) 2v'2sin|r 
(ix) * tan 3z—£ tan 5z+z 

4. (*) — £ cos 2x—\ cos 4z (i») —£ cos 2z—cos4z 


(in) az + 


b* , c 2x 

log b 2 log c 


5. d) J*«+ 



a x 

log a + 


x a + l 
ct-f-1 


(tit) 2 [y/x— cos£ z+e ^ + log (z + 2)] 

6. (t) 0 ( ii) 33J (in) 4 + 17 log 2 (iv) 4 (v) tec* 


Ex. XXXVI Page 217 

1. tan -1 x 2 ; tan -1 z 3 2. — £ cos a: 4 ; sin e x 

3. sin x n ; l cos 5 x —£ cos 3 x 

4 . sin-r—3 sin 3 x-Fj sin 5 z ; 

— cos z+c03 3 x r- £ cos 5 x+£ cos 7 z 

5. — i\/ 1— 4a;* > l\/2z 3 —Sz+6 s , 

2 sin -Jx ; log (1+sin X) ; tan -1 (s»n0) 

7. ^ log (z“+a“) ; 4 log (1+e**) ; log (e x + e~ x ) 

& '» T ,0 ® (*•+«** I eX — 2 log (e x —l)+c. 

o. C t> 

9. log (log x) ; log (log se)x); —cos (log x). t 

10. c tan 0 ; 2 v/log z ; i (log x) 2 ; log (1+log x). , 

11. J (tan -1 x) 2 ; log (tan _1 x) ; } (sin- 1 *) 2 

12. sin 4 t ; i tan*0 + itan 4 0+ J tan c 0 ; 

^ sec 9 0 —* sec 7 ~0. 

13. 2 log 2 ; * log 3 ; 10§. 14 . 1 ; 1-J*. If; +r-§. 

15. 2 tan-»2 ; ^ ; 0. 

16 . The integrand does not exist for 0=0, a point 

lying between the given limits. 
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Ex. XXXVII. Page 225 

2. i tan -1 \y ; \ tan-* ; ~ tan" 1 ^- > i lo g • 


3. sin- 1 *, tin- 1 x/2sin-» £ * i 

4 . | tan - 1 a: 3 , pin- 1 * 3 , ^ log • 

5. \ sin - 1 £z 2 , $ sec - 1 (*V 2 )» i tau_1 * x< * 

«• 72 1 o 8(I+t) 

7 ' ^fe l0e ” taD ^ + ^ WhCretaD ^ 

8 . (i) log tan x, (ii) 2 cosec 2x. _ 

9 . ji) — 2 sin x-flog (cosec a:— cot x) (it) \/ 1 +sin**. 

(it*) x-f tan x +2 log (sec x -\-tan x). 

10 . (*) log tan x ; (ii) —2 cot 2 x. 

11 . (i) i tan 2x-i cot 2 x +2 log tan x. 

(*»») -3 log (l+cos \x). 

>2 (0 : («)i**-4«+8 tan-l^ 


4z 

2 * 


X\/a 2 —x* 


2 



(iii) J sin- 1 ^5-^ ; 

(tv) x + log a;+2 


(r) sin -1 (2x —3). 


13. 

o') j tan_1 ^ ' ; 

(ii) tan- 1 (x —2) 


x —5 



(m) i log x+1 . 


14. 

- (i) iff ^ * 

•. (i») i*. 


(«0 


2^/2 

15- (0 1 

(tv) s ir 


. 2 x 
3^ 

(it) 2-** 
(v) log 2. 


(v) ir (vi) itr. 
(it*) |t r. 
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Ex XXXVIII Page 231. 


ax— 1 


QX — X 

1 . (*-1)6*. (x*-2x+2)e\ -jr**. 

(x* _4z 3 + 12a; 2 — 24a;—24)e*. 

2 . x{log x—1), lx 2 (log x— 1), $x 3 (logx—£), 

- 2^5 (>°g ® + 4).5 l5 ( |o g *—D- 

3 . sin re—a: cos a;,— x 2 cos x-f-2x sin a; -f-2 cos a;, 

x tan a;-(-log cos a:, x tan a;-(-log cos a;—la; 3 . 

4. $x sin x+i cos 3x, |(sin 2x—2x cos 2x), 

x 2 x sin 2x cos 2x x sin nx , cos nx 
4 + —4“ + 8 * + 


5. 


1. 


n 


8 ' n 

x 2 sin ax 2x cos ax 2 sin ax 
a a 2 “ 3 

x tan -1 x — 1 log (1 -f-x 2 ), ^(x 2 - f-1) tan ~ x x $x, 

\{2x- — 1) sin -1 x-4-}x VI-* 2 - 

6 . $e x (sin x—cos x), $e x (sin x-f-cos x), 

„ % e ox (a cos x-fsin x) 

— 1 , 3 e -2x (2 sin 3 x +3 cos 3 x), 

7 . Je x —:iV x (cos 2x-f 2 sin 2x), 

ie*-f-i 1 0 e x (cos 2x+2 sin 2x). 

g. ^e'fsin 2 x —2 cos 2 x), B ‘ B e* (sin 4x —4 cos 4 x). 

9 . x, r , 2 — 4 . 

10. In integrating a function, we must add some 
arbitrary constant. There will be no fallacy 
in this case if the arbitrary constant is taken 
as—1 011 the right-hand side if the equation. 

Ex. XXXIX Page 236 

~3 x 2 I . (x—a) a 

>°g >°s in; a-6 og -(7=w ' 


x _4 1-4- x 3 

(*«0 h l °g £+ 4 } (*) i lo 6 

(vi) x 2 4-3x-(-3 log(x-I). 
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2 . (i) £x 3 +x+log (*— 1 ) ; (**) ^ lS + 4 lo " ( z + 2) ; 
(t»t) *** + -^ 2 ' taD ” 1 ^' ’ 

3. (0 1-log ~ ; (•'■) 3 log (-+») ->°s <*+ 2 > ; 


(tit) 


log (x+1) +^y > M z “ 6 |og ( * + 4) ; 


(v) 2 log— o 4- log ( \*- 2 ) 

(t’i) x— log (x— l) + 4(x— 2) ; 

4 . (t) h log (x+1) + l log (*-!)-§ >°8 (z+L) ; 

... a: (x+1) 2 

(»») 


(tit) 


(2*4 D* * 



x— 1 

°® i+r' 

-£ tan -1 x ; 

(ii) tan _1 x ^., tan x V‘-f 

1 

ton-1-? t_- 

1 , x 

tan -1 -r~. 

a (a 2 — b 2 ) 

tan Q + t 

> (6*—a*) 6 

ii 3:4 1 

1 

x—1 2_ 

i '°8 i-T 

2 (x— 1) 

* \tt , l o lo 8 x+2 3 ^x—1) 


(tit) 


1 - . x+1. 


2 (1—x 

7. (0 l°g l ±y 7*i («> log(2^-«) + 2 1°8(2^ 

8. (i) * log (x*+4x+5) -tan" 1 (x + 2) . 

(ii, 2*-" log (x 2 -fGx+10)+ll tan- 1 (x + 3) ; 
(Hi) x— log (x 2 + 2x+10) —5 tan- 1 £ (x+1). 

9- (i) i log i-lan e 5 (U) * g V4+ta.T*"0* 

10. (i) £ leg " ; (») ,0 & *• 


-3) 
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Ex. XL Page 239 

1. 138 ft. per sec. ; 296 ft. 

2. (i) t>=15 + 12<-3< 2 , «=15<+6**-i 3 ; 

(it) After 5 sec. at a distance of 100 ft. 

3. 102*5. 4. 138 ft. ; 14 32 ft. per sec. per sec. 

5. 8 ft. per sec. ; 26* ft. 6 . y=z? — x z -3x-\-l. 

7. It passes the starting point after 14 sec. with 
vel. — 7* and accln. —4 ; again after 4 sec. with vel. 

20 and accln. 26. It changes direction first after 
§ sec. at a distance 31$, again after 3 sec. at a 
distance —9. 

Ex. XLI Page 244 

1. (i) 13* (ii) 120. 2. 8 §. 3. 60. 4. ±. 5. S, C*. 

6 . c 2 log 7 . » ab. 8 . (0 2 j. (ii) J 

9. (i) b log 0 2, (it) «■-!, (tit) c (1—c—). 

Ex. XLII Page 247 

1 . (i) 4**a 2 ; (ii) ; (Hi) 2 )a 2 ; 

(iy) 2 ^ a 3 ; (v) ire 4 (a—b)/ab. 

2. (i) $ izab 2 ; (ii) £ w a 2 6. 3. 79*6 4. f tro 3 . 

PUNJAB UNIVERSITY PAPERS 
1951 (April) Page 248 


1 . (b) (i) 


— 2x aec*x 2 .... . 

— — -— —=- (tt) 4 

V 1 —tan*# 2 


2. (a) (i) (\/ 2 ) n sin (\/2a;-l-4 n~). 

(ti) 2°-» cos (2a; + *«-). ( 6 ) -2*539 

4 . (i) 2y/2 sin *a:-f c (ii) log (nosec a?—cot x)-j-c. 

1 X* 

.... . - . . . * . « a 


(tit) —cot x—x+e (iv) 


2a 2 


tan 


r + c 


(y) —* 2 cos x+ 2 a; sin x-\-2 cos x-\-c 
5 . ( 6 ) 6 . (b) a= 1 , 6=0 
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1951 (Sept.) Page 249 

1 . (6) (0 a 21 . e ' / 5 i +l(21ogfl + ; ^ T - 1 ). (n)^ 

2. (a) (t) l(cos (*+i»*)-5“cos(5*+l»a)). 


(») 


(_1 )n-> In—1 a n 

(ax + 6) 


" at ,-3. 

Point of inflexion at x = 0. 

4. (0 log (cosec 2x— cot 2x)+e («) i ain **+« 

(Hi) ±x-lBin2x + c(iv) secx+c 



(©) ^sin - 1 - 3 ~+ c * 

(a) log Bin x + A cot x-j cofec * x + 


6 s cos a; 

”3 sin 3 x. 

— •6635. 


, x 3 

( 6 ) x-H* -3 






1952 (April). Page 250. 

(i b) (t) x Un T [^-ta® ar+sec 2 * log x] 

-fa (tan ax) nx [2ax cosec 2ax-f log tan ax], 

C09y/Z 

g • 9 % * _ — 

41 4~V* Vsin Vx 

a n ( — l) n_1 (n—11 ! 

(a) (i) (azfb) D 

(40 £ cos ( 3x+^) + 3 cos 

(61 Max.=4 at x = ns, min.«=3 at x=£ V 2n+1)*. 
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(а) log ~-^+c ; I log (3x 2 +4x+7)+c. 

£ CL X “f" fl 

(б) \ t a n 2 x+log cos x+c ; 

(*+o) S -t(*+6) f ]+e. 

(c) — a — .. -4~C« 

“Va 2 -! 2 

, , 1 1 _ 1 I 

^ l rn V m' 

9*010006001. 


(*) (i) 


(tt) 


1952 (Sept.) Page 251 

b —2ae 

2(x—2a) “ (6-cx)* 

2 ax-\-cy 

2by-\-cx ' „ r . •' 


(6) 90° at the point (1, 1). (c) ax sec 6—by coseo 0 

=a*-'i> 2 . 

(а) -8[2FPj>+' ; i ,in '*-“ 7 s ? +c ' 

(б) log (sec x-J-tan x)-fc; • 

1 . . Xv/5 . 

——tan" 1 -f-c. 

3a \/ o 3 a 

(c) x\/a 2 —x- -f- ~— sin -1 —-f-c. 

2 2 


(**) 2 : 1 . 

(«) J* # +** 4 +.(*) (0 


V6 a -a2 
6-f-a cos x 


(6) (»t) (sin x) tan l-f-sec a x log sin x] 


+ (tan x) 


sin xi 


sec x-f-cos x log tan x 
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1953 (April) Page 252 


(h) —acos{\/ax + ()) sin (sin y/ax+b)l'2y/ax + b. 

(a 2 -f 6 2 ) cos jr_ 

( tl ' (a-\-b sin x)(6—a sin x) 


« / v /.x cos s,n r ' 

2. (a) (t) 2 +sin 2x * 

3. (a) a" sin (ax+fr+^ntO* 

4. (a) v /3x + 5t/=10v/3,5x- v /3 2/= 8 - 

(x 4 - 2 a 3 ) tan- 1 x+1 ** 

5. (a) (t) -—| c * 

(1 + * 2 )* 


(«) 


(a 2 +6*j cos x 


6. 


(fc-fa sin x) [(b + a sin x) 2 — (a — 6 sin xY\ ^ 
(6) tan $ 9 . 

(a) ~ tan- 1 ~-+c ; |log +c. 

(fc) log (see r + tan x)-f c J cos 4 x-f-c. 

e a * (a cos x-f-sin x) 

(c) sin x—x cos x-fc. -- a * + l * 

1953 (Sept.) Page 253 

I. (a) (») »ia (ax-t-6) n_1 (*») 600 x tan x 

<•■*> 27o#Fr 

i 


( 6 )- 


2 V* 


cos x/* cosec 2 (sin V*) 


1 .. “-v/afr_ 

11 . (a) (t) ^ log.c (**) b i n x cos x (6 sin x-J-a cos x) 


( 6 ) 


HI. (a) (i) 


2y coeec 2x —log t an;/ 

2x cosec 2y —Jog tan x 

{— jn—i 1- 3.. ( 2« — 3) 

2° "(x+orj 
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IV. tan _1 3. 


v. («} (0 


(ar—b 2 ) sin x 


(fc) - 


(6 + a cos x) (a+6 cos x) 

x (35 x 9 — 22) 

14 x—15 


(») - 


a 


x y/ a*—** 


VI * ^ a) Vi 106 tan (^ + 5") : ^ 8111-1 ^ • 

(^)-S- — — ; \ [3 log (x+l)+-l I ] 


(c) (2 .'og x-1) ; e* (x2_2x + 2) 









PREFACE ^ -- 

# 

The book, as the name implies, is meant to be a 
first course on the subject and its. contents and their 
manner of presentation have all been designed from 
this point of view. 

It has been found from experience that generally 
students can master the process of differentiation in 
a mechanical way but find it difficult to understand 
the concept of limits, continuity and infinity on 
which it is based. An attempt has, therefore, been 
made to explain and clarify these concepts by means 
of concrete and numerical examples. 

Differentiation and its application to tangents and 
normals, maxima and minima values of curves, rate 
measure, approximate calculations, expansions of 
certain functions, integration as the inverse of differ¬ 
entiation, its application to problems in mechanics, 
calculation of areas and volumes of revolution of 
simple curves—all these have been treated in details 
and profusely illustrated by carefully selected solved 
examples and by suitable figures and graphs. 

Other examples, which are scattered through the 
book, are also particularly designed to assist the 
students to understand the fundamental principles of 
the subject. The ready made examples are taken 
mostly from questions set at the University examina¬ 
tion?. 

It is hoped that the book will prove useful to 
those for whom it is meant. 

I shall be thankful to those who may suggest 
improvements for future editions or even point out 
errors in this volume which may have escaped my 
scrutiny. 


c5. C7Z. Qci pi a 
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